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ERE are few persons engaged in tuitioa who 
experienced tte difficulty of teaching Euclid to young 
nupils, more especially to those who have not acquired 
habits of close applicatioa, or who have no natural aptitude 
for matheiaatical studies. One reason for this ajiaea probably 
from the nature of the Bubjeot itself, which requires a more 
suaCained attention, and a greater concentration of thought and 
power of abstraction, thao beginners can ordinarily be induced 
to apply to aity sabject at the age when the study of Euclid ia 
commonly begun in schools. But another, and undoubtedly 
the chief cause of the difficulty, is the absence in the ordinary 
editions of the Elements of those aids to the learner which are 
so plentifully supplied in every other department of inatructicn. 

Such assiatance it is the special design of the present edition 
to aHbrd, partly by the use of a peculiar type in those parts 
of a proposition which require to be distinguished fi:om each 
other, and partly by n new arrangement of the figures and 
demonstrations, which it is hoped will be found to embody 
some important improvements on the ordinary method of pre- 
senting the subject to beginners. The chief features of this 
arrangement may be summed up as follows ; — 

1, Immediately following the enunciation are given, in each 
case, the ' references,' or elements, of the proposition — the 
definitionB, axioms, and previoiia propositions — on which the 
sacceasive steps of the reasoning depend. Thefe must he tW- 
rooghly mastered by the pupil •, and ftxe^ ^ovi^ '^^ ^ '^^** 
be required to be written out, or re^a\Ki aijiiiii'^'*^^'*- '™ 



the construction or the proof ia attempted. Every t«achO 
knows how carelessly these references, generaUy inserted i 
text-booka in the inaigin, or in the body of tlie propoailion 
are slurred over, or repeated mechanically, without any refer 
ence to lleir import, liy boys in class, and Low confused a 
imperfect is their conception of the reaaoning in consequence. 
2. In deatiribing the figures, the parts which are given IJ 
the enunciation are represented by dark lines, and those wbi(£ 
are added in the coiiree of the demonstration by dotted linesi 
The process of the constraction is thus exhibited to the ey^ 
flnd the data and the qumsita of the problem can always bo. 



3. In the demonatrations, the several steps of the proof are' 
arranged in a logical form, by giving the premisses and the! 
conclusion always in separate lines, and in a different fypi 
and, 33 a fiirther aid to the learner, the enunciations a 
broken into paragraphs, and the demonstrarion into corres- 
ponding diviaions, wherever the proposition consjata of 

In this way the constituent parts of a proposition ari 
eented separately, part by part, and the learner, knowing 
exactly where one begina and the other ends, ia enabled to 
make idmaelf master of the one before he proceeds t 

The symbolical editions of Hill, Blakelock, and WiUiams, 
were among the earliest to show the advantages of printing 
separately the parts of a proportion and its demonstration; 
and they have been followed with great success by Mr. PottS 
and other recent writers. The plan adopted by them of print- 
ing every sentence, or part of a sentence, which contains a ne* 
step in the reasoning, in a separate line, haa been followed 
the present edition, but to a greater extent, and with increased 
distinctness. To avoid the confiised appearance produced by 
the lines being scattered irregularly over the page, as ii 
Potts's and some other editions, the lines have been printed so 
as to commence uniformly from ihe side of the page. Every 
condasion ia what printers technically term ' indented,' and 
tie applicable part of it — that is, the part -mBAe imr cS « 



■* teferred to in the subBequent reasoiung — is, to nnark ila 
importance, printed in italics. 

The concluHioES thna diatingnialied, or the most important 
of them, if entered in the ' Copy-books ' prepared for thia 
purpose, and published in connexion with this work, will 
supply a kind o{ Anal^/sis of Euclid, to those who have gone 
through the subject, but who wish at any time, as on the ap- 
proach of an examination, to reftesh their memory by a cursory 
re-peruaa]. To such, the reading of the acTeral steps, and an 
inspection of the figure, will, in most cases, be sufficient to 
recall the complete proof to the mind, without the trouble of 
going OTor the entire proposition a second time ; and this will 
be a pleasing and most improving exercise, and tend strongly 
to impress not only the proof itself, but also the principle of 
the proof, on the memory. 

Although the test of Dr. Simson has been, in the main, 
adhered to in the present edition, alterations Lave been made 
■wherever there appeared to be any obscurity in the laogimge 
which could be removed by the introduction of a step, or the 
variation or trauspoation of a sentence. 

As examples of such alteration, may be mentioned, the 
introduction of an additional figure in prop. 27, book i., and 
the use of a definite form of expression to mark the distinction 
in indirect demonstrations between a conclusion true in itself 
and one correctly deduced, but from an incorrect hypothesis. 
In the former case, the conclusion is expressed in the ordinary 
way ; in the latter, the word ' assumed ' is employed in the 
premiss, and the word ' must ' in the conclusion, to indicate 
that the reaaoning proceeds on a ialse assumption, although the 
reasoning itself is correct. This distinction, it is believed, 
will be found of considerable practical importance in teaching 
Euclid to young students. 

A. K. ISBISTER. 
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BOOK L 

DEFINITIONS. 

I. 
A POINT is that wbich hath no parts, or which bath no magnitude. 

II. 
A line is length vithoat breadth. 

IIL 

The extremities of a line are points. 

IV. 

A straight line is that which lies eyenly between its extreme points. 

V. 

A saperficies is that which hath only length and breadth. 

VL 

The extremities of a saperficies are lines. 

VIL 

A plane superficies is that in which any two points being taken, the 
itraight line between them lies wholly in that superficies. 

VIIL 
* A plane angle is the inclination of two lines to one another in a 
plane, which meet together, but are not in the same direction.* 

IX. 
A plane rectilineal angle is ^ 
the inclination of two straight 
lines to one another, which 
meet together, hut are not in 
the same straight line, B 
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N.B. — ' When several angles are at one point B, any one of them 
is expressed by three letters, of which the letter that is at the vertex of 
the angle, that is, at the point in which the straight lines containing the 
angle meet one another, is put between the other two letters, and one of 
these two is somewhere upon one of those straight lines, and the other 
upon the other line : Thus the angle which is contained by the straight 
lines, AB, CB, is named the angle ABC, or CB A ; that which is con- 
tained by AB, DB, is named the angle ABD, or DBA ; and that which 
is contained by DB, CB, is called the angle DBO, or CBD ; but, if 
there be only one angle at a point, it may be expressed by a letter 

placed at that point : as the angle at £.' 

« 

X. 

When a straight line standing on another straight 

line makes the adjacent angles equal to one another, 

each of the angles is called a right angle ; and the 

straight line which stands on the other is called a 

"-~— perpendicular to it. 




XL 

An obtuse angle is that which is greater than 
a right angle. 

XII. 

An acute angle is that which is less than a right 

angle. 

XUL 

« A term or boundary is the extremity of any thing.' 

XIV. 
A figure is that which is enclosed by one or more boundaries. 

XV. 

A circle is a plane figure contained by one line, which 
is called the circumference, and is such Uiat all straight 
lines drawn from a certain point within the figure to the 
circumference are equal to one another. 

XVI. 

And this point is called the centre of the circle, 

xva 

A diameter of a circle is a straight line drawn through 
the centre, and terminated \>oV\i ^«5% by the drcum- 
ference. 
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XVIII. 

A semicircle is the figure contained by a diameter and tlie part of the 
eircmnference cat off by the diameter. 

XIX. 

' A segment of a circle is the figure contained by a 
straight line, and the circumference it cats off.* 

XX. 

Rectilineal figores are those which are contuned by straight lines. 

XXL 

Trilateral figures, or triangles, by three straight lines. 

XXIL 

Quadrilateral, by four straight lines. 

XXIIL 
Multilateral figures, or polygons, by more Utan four straight Imes 

XXIV. 

Of three-sided figures, an equilateral triangle is that 
which has three equal sides. 

XXV. 

An isosceles triangle, is that which has only two sides 
equaL 

XXVL 

A scalene triangle, is that which has three unequal sides. 

XXVIL 

A right-angled triangle, is that which has a right 
•Dgle 

XXVIIL 

An obtuse-angled triangle, is that which has an 
obtuse angle. 

XXIX 

An acute-BD^led tnaD^e, is that wldoh liaa iinxee «lqqXa 
tngleg, 

b2 
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XXX. 

Of foar-sided figures, a square is that which has all its 
sides equal, and all its angles right angles. 

XXXL 

An oblong, is that which has all its angles right angles, 
but has not all its sides equal 

XXXIL 



A rhombus, is that which has all its sides equal, but 
its angles are not right angles. 

XXXIIL 

A rhoanboid, is that which has its opposite sides equal 
to one another, but all its sides are not equal, nor its 
angles right angles. 



XXXIV. 
All other four-sided figures besides these, are called Trapeziums. 

XXXV. 

Parallel straight lines, are such as are in the same plane, and which 
being produced ever so &r both ways do not meet 



POSTULATES. 

I. 

Let it be granted that a straight line may be drawn from any one ' 
point to any other point. 

IL 

That a terminated straight line may be produced to any length in a 
straight line. 

III. 

And that a eircle ttuty he described firom an^ oeotK, «t «Liiy distance 
^om that centn^ 
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AXIOMS. 

L 

Things which are equal to the same thing, are equal to one another. 

II. 
If equals be added to equals, the wholes are equal 

III. 
If equals be taken from equals, the remainders are equal 

IV. 

If equals be added to unequals, the wholes are unequal. 

V. 

If equals be taken from unequals, the remainders are unequal 

VL 

Things which are double of the same, are equal to one another. 

VIL 
Things which are halves of the same, are equal to one another. 

VIIL 

Magnitudes which coincide with one another, that is, which exactly 
fill the same space, are equal to one another. 

IX. 
The whole is greater than its part. 

X. 

Two straight lines cannot inclose a space. 

XI. 
All right angles are equal to one another. 

XII. 

* If a straight line meets two straight lines, so as to make the two 
interior angles on the same -side of it, taken together, less than two right 
angles, these straight lines being continually produced, shall at length 
meet upon that side on which are the angles which are less than two 
.fii^t angles.' 
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PROP. I.— Peoblbm. 

To describe an equilateral triangle upon a given finite straight line. 

* (References — Def. 15 ; ax. 1 ; post 1, 3.) 

Let AB be the given straight line. 

It is required to describe on AB an equilateral triangle. 



\ 
\ 







CONSTRUCTION 

From the centre A, at the distance AB, describe the circle BCD; 
(post 3) 

from the centre B, at the distance B A, describe the circle ACE ; 

and from the point C, in which the circles cat one another, draw the 
straight lines CA, CB, to the points A, B. (post 1.) 
Tben ABC sball be an equilateral triangles 

DEMONSTRATION 

Becanse the point A is the centre of the circle BCD, 

ihertfore AC is equal to AB ; (def. 15) 
and becanse the point B is the centre of the circle ACE, 

therefore BC is equal to B A. 
But it has been proved that CA is equal to AB ; 

therefore CA, CB are each of them equal to AB ; 
but things which are eqoal to the same thing are equal to one another; 

(ax. 1) 

therefore CA is equal to CB ; 

wherefore C A, AB, BC, are equal to one another ; 

and tl&e triangle ABC is tberefore equilateral | 

and it is described upon the given straight line AB. 

Which was required to be done. 



PROP. IL-* Problem. 
J^rom a given point to draw a straight line equal to a given straight hni, 
(References — Prop. 1. 1 ; post. 1, 2, a \ ml. \, ^ \ ^<eL 15."^ 

• To be written out, or reipeated to lYie Tw^wt. 
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Let A be the given point, and BC the given stnght line. 
It is required to draw fh>m A. a straight line eqoal to BC. 
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IF 
CONSTRUCTION 

From the point A to K draw the straight line AB ; (post i.) 

upon AB describe the equilateral triangle DAB, (i. 1) 

and produce the straight lines DA, DB, to E and F ; 

from the centre B, at the distance BC, describe the circle C6H, 

(post. 3) 
and from the centre D, at the distance D6, describe the circle GEL. 

Then AXi shall be equal to BC 

DEUON8TRATION 

Because the point B is the centre of the circle CGH^ 

therefore BC is equal to B6 ; (def. 15) 
and because D is the centre of the circle GKL 

therefore DL is equal to DG, 
and DA, DB, parts of them, are equal ; 

therefore the remainder AL is equal to the remainder BG. (ax. 3.) 
But it has been shown that BC is equal to BG ; 

wherefore AL and BC are each of them equal to BG ; 
and things which are equal to the same thing are equal to one another ; 

therefore the straight line AX» is equal to BC. (ax. 1.) 

Wherefore from the given point A a straight line AL has been drawn 
equal to the given straight line BC. 

Which was to be done. 



PROP. IIL— Problem. 

From the greater of boo given straight lines to cutoff a part equal to the 
less. 

(References— Prop. i. 2 ; def. 15 ; post. 3\ wu \.^ 

Let B and C be the given straight Vmes, ot ^Vv^ KR Na ^en»^« 
than a 
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It is required to cat off from AB the greater, a part equal to C, the 
less. 
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From the point A draw the straight line AD equal to C ; (l 2) 
and from the centre A, at the distance AD, describe the circle DEF. 
(post. 3.) 

Then AM shall be equal to C» 



DEMONSTRATION 

Becanse A is the centre of the circle DEF, 

therefore AE is equal to AD ; (def. 15) 
bat the straight line C is likewise equal to AD ; (constr.) 

therefore AE and C are each of them equal to AD ; 

wherefore the stralgrht line AB is equal to C. (az. I.) 

And therefore from AB, the greater of two straight lines, a part AK 
has been cut off equal to C, the less. 

Which was to be done. 



PROP. IV.— Theobeh. 

If two trianglea have two sides of the one equal to two sides of the other, 
each to each ; and have likewise the angles contained by these sides equal 
to each other : 

then they shall likeufise have their bases, or third sides, equal; and 
the two triangles shall be equal; and their other angles shall be equal, each 
to each, viz, those to which the equal sides are opposite, 

(Eeferences — Ax. 8, 10.) 

Let ABC, DEF, be two triangles, which have the two sides AB, AC, 
equal to the two ^des, DE, DF, each to each, -vii AB to DE, and AC 
to DF} 

and the angle BAC equal to fhe angle ED¥. 



Tben tbe baw SC bIibU be equal to tbe bue BP i 

and tbe triansle ABC to tbe trianBle DUF, 

and tbe otber anslea to wbloh the equal Bides ore oppo- 
site. Bball be equal, eacb tu eacb. via. tbe angle ABC e 
tbe augrle DXF, and tbe OOEle ACS to SFB. 



DEHOHBTRATION 

For, if the triangle ABC be applied to the triangle DEF, 

sa that the point A ma; be on &, and the Biraight IJae AB npon DE ; 

booanse AB is eqnal to DB, 

UiCTe/iire ihe point B shall caineide tcilh the point E ; 
and AB coinciding vith DE, 
and tLe angle BAC bemg equal to the angle EDF, (hyp.) 

therefore AC sbaU coincide uiitA DF ; 
and becanse AC is equal to DF, 

leherefore also ihe point C sltaB coincide with Ihe point F, 
Bnt the point B coiiicidea with the point E ] 

wherefore the base BC shall coincide leitJi tlie base £F ; 
because the point B coiociding with E, and C with F, 
if tbe base BC do not coincide with the base EF, 

two straightlincs would inclose a space, which is impossible, (ax. 10.) 

Therefore tbe base SC Bball ooincKIe wltb tbe base HI', 
and be equal to It. 

mierefore tbe wbole triang'le ABC aball colnelde wltb the 
wbole triangle DEF, and be equal to it | 

and the other angles of the one eha.II coincide with the lemainiD 

angles of tbe other, and be eqaal to them, lix.: 
I3ie angle ABC to tbe angle DBF, 
and tbe angle ACB to tbe angle DFB. 
Therctbre, if t»o triangles have two aides ot the cme eo^Vi ^itti "k^ 
of tbe otber, &c. 



1 
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PROP, v.— Theobxk. 

The angles at {he base of an iaoBcelee triangle are equal to one 
another; 

and if ^ equal sides be prgdueed, the angles upon the other side of the 
base shall be equal, 

(References — Prop. I. 3, 4 ; ax. 3.) 
Let ABC be an isosceles triangle, of which the sids AB is equal to 
A.C, 
and let the straight lines AB, AC, be produced to D and E. 

Vben fbe anrlo ABC sball be eqiial to tbe an^le ACB, 
and tbe anrle CB9 to tbe an^le. 8CB. 




CONSTBUCTZOir 

In BD take any point F, 

and from A£, the greater, cut off AG equal to AF, the less, (i. 3) 

and join FC, 6B. 

DEMONSTRATION 

Because AF is equal to AG ; (constr.) 
and AB to AC; (hypoOL) 

the two sides FA, AC^ are equal to the two G A, AB, each to each, 
and they contain the angle FAG common to the two triangles AFC, 
AGB; 

To assist the leaner, the figure may be drawn so as to exhibit to the eye the triangles 
of which it is composed, in the folio wing manner ;— . 
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therefore the iaee FC is equal to the base GB^ 

and the triangle AFC to the triangle AGB; 

and the remaining angles of the one are equal to the remaining 
angles of the other, each to each, to which the equal sides are 
opposite, viz. 

the angle ACF to the angle ABG, 

and the angle AFC to the angle ABG. (i. 4.) 

And because the whole AF, is equal to the whole AG, 
of which the parts AB, AC, are equal ; 

the remainder BF shall be equal to the remainder CG ; (ax. 3.) 

and FC was proved to be equal to GB, 

therefore the two sides BF, FC, are equal to the two CG, GB, each to 
each; 

and the angle BFC is equal to the angle CGB, 

and the base BC is common to the two triangles BFC, CGB; 
wherefore these triangles are equal, and their remaining angles, 
each to each, to which the equal sides are opposite ; 

therefore the angle FBC is equal to the angle GCB ; 
and the angle FBC is equal to the angle CBG. (i. 4.) 

And, since it has been demonstrated, 

that the whole angle ABG is equal to the whole angle ACF, 

the parts of which, the angles CBG, BCF. are equal; 

therefore the remaining angle ABO la eqiial to tbe 

remaining angle ACS, 
wblob are tbe angles at tt&e base of tbe triangle ABC. 

And it has been proved, 

tbat the angle FBC la equal to the angle OCB, 
whloh are the angles upon the other side of the base. 

Therefore the angles at the base, &c. Q.E.D. 

Cor. Rence every equilateral triangle is also equiangular. 



PROP. VI.— Theorem. 

If two angles of a triangle be equal to each other ; 
then the sides also which subtend^ or are opposite to, iKe equoV. au^Ve» 
shaU he egwil to one another, 

(References — Prop. i. S, 4."^ 
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Let the triangle ABC haye the angle ABC eqoal to the angle ACB. 
Then tbe aide AB aluOl be equal to tbe aide AC 




CONSTRUCTION 

For, if AB be not equal to AC, 

one of them is greater than the other. 

Let AB be the greater ; 

and from it cut off DB equal to AC, the less, (l 3.) and join DC 

DEMONSTRATION 

Then in the triangles DBC, ACB, 

because DB is assumed to be equal to AC, and BC is common to both, 
the two sides DB, BC, are equal to the two AC, CB, each to each ; 
and the angle DBC is equal to the angle ACB ; (hyp.) 

therefore the hose DC must he equal to tfte htiee AB, 

and the triangle DBC to the triangle ACB, (i. 4) 

the less equal to the greater, which is absurd. 

Therefore AB is not vneqwd to AC, 
that is AB is eqiud to AC. 

Wherefore, if two angles, &c. QJBJ>« 

Cor. Hence erery equiangular triangle is also equilateral 



PROP. VIL-c- Theorem. 

Upon the same base and on the same side of it, there cannot be two 
triangles that have their sides which are terminated in one extremity of the 
base equal to each other, and likewise those which are terminated m the 
other extremity. 

(References — Prop. I. 5 ; ax. 9.) 

If it be possible, let there be two triangles, ACB, ADB, upon the 
aame base AB, and upon the same side of it, which haye their ddes 
CA, DA, terminated in the extremity A of tbie "Vma^ «((aa!L \a ^sos^ 
another, and likewise their sides CB, BB, thai wee \«CTMSttXeai Vsl"!^ 
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First Let fhe yertex of each of the triangles be wifhoot the other. 




€X>N8TRnCTX0N 

Join the Tertices C and D by the straight line CD. 

DEMONSTRATION 

Becanse, in the triangle ACD, AC is assumed to be equal to AD, 
therefore the angle ACD must be equal to the angle ADC ; (l 5) 

bat the angle ACD is greater than the angle BCD ; (ax. 9) 
therefore the angle ADC most be greater also than BCD; 

much more then must the angle BDC he greater than the angle BCD. 

Again, because in the triangle BCD, CB is assumed to be equal to 
BD, 

therefore the angle BDC must he equal to the angle BCD ; (i. 5) 
but the angle BDC has been proved to be greater than the angle BCD; 

therefore the angle BDC must he both equal to, and greater than the 

angle BCD; 
which is impossible. 

Secondfy, Let the vertex D of the triangle ADB &11 within the 
triangle ACB. 




CONSTBUCTION 

Join the yertices C and D, and produce AC, AD to £, F. 

DEMONSTRATION 

Because in the triangle ACD, AC is assumed to \>« ec^oaVX^ (|^^ 
Oer^ore the angles BCD, FDC upon the other aide of €Kfc Via'^ ^^- 
must be equal to me another ; (i. 5) 
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but the angle ECB iv greater than the angle BCD ; (ax. 9) 
wherefore the angle FDC must likewise be greater than the angle 
BCD; 
much more then must the angle BDC he greater than the angle BCD. 

Again, because in the triangle BCD, CB is assumed to be equal to 
DB, 

therefore the angle BDC naut he equal to the angle BCD ; (i. 5) 
but BDC has been proved to be greater than BCD ; 

wherefore the angle BDC muet be both' espial to, and greater than. Hue 

angle BCD ; 
which is impossible. 

Thxrdijf, Let the Tertez of one triangle b6 upon a side of the other. 




This case needs no demonstration, for it is eyident from inspection that 

the side AC is greater than its part AD. 
Therefore upon the same base and on the same side of it, &c. 

Q. E. D. 



PRO?. VUL— Theorem. 

If two triangles have two sides of the one equal to two sides of the other, 
each to each, and have likewise their bases equal; 

then the angle which is contained bp the two sides of the one shaU be 
equal to the angle contained by the two sides equal to them, of the other. 

(References — Prop. i. 7 ; ax. 8.) 

Let ABC, DEF be two triangles, having the two sides AB, AC, 
equal to the two sides DE, DF, each to each, viz., AB to DE, and AC 
to DF ; and also the base BC equal to the base £F. 

Tben the aaffle B AC aliall be eqiud to tbe angle BBF. 





PBOP. ZX.J 



TBB 8CB00L BUGLID. 
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DBK(»Y8TRAXI0N 

For, if the triangle ABC be applied to D£F, 

so that the point B be on E, and the straight line BC ttpoan £F ; 

then because BC is equal to EF, (hyp.) 

therefore the point C shdU coincide with the point F ; 

wherefore BC coinciding with EF, 

B A and AC shaU coincide with ED and BF ; 

for if the base BC coincides with the base EF, bat the sides BA, CA 

do not coincide with the sides ED, FD, but have a difiEerent situation as 

EG,FG, 
then, upon the same base EF, and upon the same side of it, there can 
be two triangles that have their sides which are terminated in one 
extremity of the base equal to one another, and likewise their sides 
which are terminated in the other extremity ; 

but this is impossible, (i. 7.) 

Therefore, if the base BC coincides with the base EF, 
the sidea BA, AC, cannot but coincide with the sides ED, DF ; 

wberefbre tbe angrle BAC ooinddes witb tbo angle MDitS 
and is eqnsd to It. (ax* 6*) 

Therefore, if two triangles, &c Q. E. D. 



PROP. IX.— Problem. 

To bisect a given rectilineal angle, that is, to dioide it into two equal 
angles, 

(References — Prop. 1. 1, 3, 8.) 

Jjet the angle BAC be the given rectilineal angle. 
It is required to bisect it 

A 




CQXBTKDCTXQIK 

Take anjpomtD is AB^ 
from AC eat off AE equal to AD, (i. 3^ and iaiiiT>1^\ 
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upon the side of it opposite to A, describe the equilateral triangle DEF, 
(l 1) and join AF. 

Tben tbe stralffbt line £JP Mseoto the angle 8AC. 

DEMONSTBATION 

Because AD is equal to AE, (constr.) 

and AF is common to the two triangles DAF, EAF; 

the two sides DA, AF, are equal to the two sides E A, AF, each to each ; 

and the base DF is equal to the base £F ; (constr.) 

therefore the angle DAF is equal to the angle EAF. (i. 8.) 

unierefore tbe given rectilineal angle 8AC Is bisected by 
tbe line AT. Q. E. F 



PROP. X.— Pboblem. 

To bisect a given finite straight line, that ts, to divide it into two equal 

parts, 

(References — Prop, l 1, 4, 9.) 

Let AB be the given straight line. 

It is required to divide AB into two equal parts. 



/ 

/ 
/ 
/ 
/ 
/ 



.^. 



\ 
\ 
\ 
\ 
\ 
\ 
\ 



B 



D 
OOKSTBITCnON 

Upon the straight line AB describe the equilateral triangle ABC, (i. 1) 
and bisect the angle ACB by the straight line CD. (i. 9.) 

Tben AB sball be divided into two canal pairts in tbe 
point D. 

DEMONSTRATION 

Because AC Is equal to CB, (constr.) 

and CD common to the two triangles ACD, BCD , 

the two sides AC, CD, are equal to the two sides BC, CD, each to 

each; 
and the angle ACD is equal to the angle BCD ; (constr.) 

dierefore the hose AT) is equal to the base DB. (l 4.) 

ivakere/bre tbe straigbt line AB im divl^e^ln^ >:«« v^toaA. 
parts In the point B. Q^^."^. 
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PROP. XL'Pboblem, 

To draw a straight line at right angles to a given straight line, from a 
given point in the same, 

(References — Prop. 1. 1, 3, 8 ; ax. 1 ; defl 10.) 

Let AB be the g^ven straight line, and C the giyen point in it 

It is required to draw a straight line from the point C at right angles 
to AB. 



/ 

/ 

/ 






\ 

\ 

\ 
A 



A.D B B 

GONSTRUOnol} 

In AC, take any point B, 

and make C£ equal to CD ; (l S) 

upon DE describe the equilateral triangle DFE, (i. 1) 

and join FC. 

Tben FCy drawn flrom the point C* alinll be at liglit 
flUBgles to 



DEMONSTRATION 

Because DC is equal to CE, 

and CF is common to the two triangles DCF, ECF ; 

the two sides DC, CF, are equal to the two EC, CF, each to each; 

and the base DF is equal to the base EF ; (constr.) 

therefore the angle DCF is equal to the angle ECF; (l 8) 

and ihej are adjacent angles. 

But, ' when the adjacent angles which one straight line makes with an- 
other straight line, are equal to one another, each of them is called a 
right angle ;' (de£ 10) 

therefore each of the angles DCF, ECF, is a right angle. 

"VTherefore, flrom tbe point C, in tbe straigbt line A8, 
FC bas been drawn at rigbt angles to AB. 



13 
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Cor. By help of this problem, it may be demonstrated that two right 
lines cannot have a common segment* 

E 




B 







If It be possible, let the two straight Imes ABC, ABD, have the 
segment AB common to both of them. 

CONSTRUCTION 

From the point B, draw BE at right angles to AB. (l 11.) 

I>EMONSTRATION 

Because ABC is a straight line, 

therefore the angle CBE is equal to the angle EBA ; (def. 10) 
in the same manner, because ABD is assumed to be a strught line» 

therefore the angle DBE must he equal to the angle EBA ; 

wherefore the angle TXSE must be equal to the angle CBE, (ax. 1) 
the less to the greater, which is impossible. 

Thertfore t0o straight Unea cannot have a common segment 



PROP. XII.— Problbm. 

To draw a straight Une perpendicular to a given straight line of an 
unlimited length, from a given point without it 

(References — Prop, l 8, 10; post 3; def. 10, 15.) 

Let AB be the given straight line, which may be produced to any 
length both ways, and C the given point without it. 

It is required to draw from C a straight line perpendicular to AR 



> 



V^::^ 



'-'Qt B 



D 



Take any point D, npon ihe other aide of AB, 

nud from Ihe ceaire C. at the distance CD, detcribe ibe circle EOF, 

meeting AB in F, G ; (pc3St. 3) 
lliieot FG in H, <i. 10) and join CF, CH, CG. 

Ttaen tbe atralglit line CH, draim ttaia the point Oi la ] 
perpenaioDlar M tlie kItbh atralglit line AB. 



Becanae FH ia equal to HG, (cocstr.) 

and HC common to Ihe two triangles FHC, GHC, 

the two sides FH, HC, are equal to the two GH, HC, each to each ; 

and the base CF ia equal to the base CG ; (def. 15) 

therefore the angU CHF is equal to the angle CHGi (i. 8) 
and they arc adJEicent angles. 
Bui 'when a slrajght line standing on a straight line makes the adjacent 

angleB equal lo one another, each of them is a right angle ; and the 

straight line which stands upon the other is called a perpendicular U 

it.' (def. 10.) 

TbereRiTe CB Is perpendicular to AB, 
and il has been drawn from the point C. Q. £. F. 



P^ 



PROP. XIII. — TSEOREB. 






The angks which one straight line maAes ailk anothi 

eilher (wo right angle), or are togethtr equal to too right angles. 
(References— Prop. 1, 11; ai. \,2; def. 10.) 

Let the straight line AB make with CD, upon one tide of i^ 
angles CBA. ABD. 

IWien tbe angles CBA, ABD are elttier two rlcbt angles, 
or ore togetber eiinal to two rl^bt aUKles. 
First, let them he equal to one another. 
I J- 
I D B o 
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DEMONSTRATION 

Then, since the straight line AB, standing on the straight line CD, 
makes the adjacent angles ABO, ABD equal to one another, 
iherefore each of them is a right angles (def. 10) 

wberefbre the angles ABC, ABB, are two rigbt angles. 

Secondbf, let them not be equal to one another. 



CONSTRUCTION 

From the point B draw BE at right angles to CD. (i. 11.) 

DEMONSTRATION 

Because BE is at right angles to CD, (constr.) 

therefore the angles CBE, EBD are two right angles ; (def. 10) 

and because the angle CBE is equal to the two angles CBA, ABE, 
add to each of these equals the angle EBD ; 

*Jiien the angles CBE, EBD, are equal to the three angles CBA, ABE, 
EBD. (ax. 2.) 

Again, because the angle DBA is equal to the two angles DBE, EB A, 
add to each of these equals the angle ABC ; 

then the angles DBA, ABC, are equal to the angles DBE, EBA, ABC. 
(ax. 2.) 

But the angles CBE, EBD, have been proved to be equal to the same 

three angles ; 
and things which are equal to the same thing are equal to one another, 

iherefore the singles CBE, EBD, are equal to the angles DBA, ABC ; 
(ax,l) 

but the angles CBE, EBD are two right angles ; (constr.) 

therefore the angles BBA, ABC* are together equal to 
two right angles, (ax. 1.) 

Wherefore when a straight line, &c. Q. E. D. 
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PROP. XIV.— Theorem. 

If, at a point in a straight line, tivo other straight lines, Upon the oppo^ 
site sides of it, make the adjacent angles together equal to two right angles, 
then these two straight lines shall be in one and the same straight line, 

(ReferenceB — Prop. i. 13 ; ax. 1, 3.) 

At the point B in the straight line AB, let BC, BD, upon the oppo- 
site sides of AB» make the adjacent angles ABC, ABD, equal to two 
right angles. 

Tben CB sball be In tbe Mune straiffbt line wltb BB. 



A 



E 



B D 



CONSTRUCTION 



For if BD he not in the same right line with BC, 
let BE he in the same right line with it 

demonstration 

Because CBE is assomed to he a straight line, and AB meets it in A, 

therefore the adjacent angles ABC, ABE, mitst be together equal to two 
right angles ; (i. 18) 

but the angles ABC, ABD, are together equal to two right angles ; 

(hyp.) 

therefore ihe angles CBA, ABE, must be equal to the angles CBA, 
ABD; (ax. 1) 

take away the common angle ABC, 

therefore the remaining angle ABE must be equal to ihe remaining 
angle ABD ; (ax. 3) 

the less to the greater, which is impossihle ; 

therefore BE is not in Ihe same straight line with BC. 

And, in like manner, it may he proved, that no other can he in the 
same straight line with it hut BD, 

tberelbre BD 1« In the same mtndclDLt VOda '^AaSkk "B.^^ 

Wberefon, if At a point, &c. ^^»^' 



I 



I PEOP. XV.—Thborbm. 

Jfltm itraight lina cut each other, then the vertical or opposite 
liallbe eqaoL 

(References— Prop, i, 13 ; as. 1, S.) 
Let the two straight lines AB. CD, cut each other in the point B. 
Then tile tuislB ABC Bliall be equal to the aoKle OVBi 
atia tbe aoKle CUB to the an^le abd. 






'Became the straisht line AE makea with CD the angles CEA, AED, 

these angles are together equal to two right angles, (i. 13,) 
Again, because the Etraight line DE makes with Ali the angli 

DEB, 

these angles are also together equal to two right angles ; 
ind CEA, AED, have been proved to be together ei^ual to two rig 

angles ; 

ahtrefort the angles CEA, AED, are equal to the angles AED, DBl 
(ax. 1) 
take away the common angle AED, 

then tlie remaining asKle CKA !■ eqniU to the remalnU 
ancle DZ;b. (ax. 3.) 
la tlie same manner it can be shown, 

that the angle CUB la equal to the angle AXD> 
Therefore, if two straight lines, &c. Q. E. D, 

Cot. 1. From this it is manifest, that, if two straight lines cut « 
another, the angles thej caake at the point There the; cnt, are tOg 
ther eqoal to four right angles. 

Cor. 3. And, consequently, that all the angles made "by &n; nonb 
of lines meeting In one point, are together equal to four right anglet. 



L 



PROP. XVI.— Thbobem. 
JJ ant side of a triangle be proJiiced, 

iiea tie exterior angle is greater than atha of ^inixrier opptmtem 
(BeferencEi — Prop. i. 3, 4, itJ,l&-, Mi. 5^ 



Let ABC be a triangle, nnd let the aide BC be prodnced tn D. 
Tben Uie exterior tuigle AOD ahBll be Breater tluui eltlier 
of tbe an§^B ASC or CAB. 



I 




Bisect AC in E, (l. 10) and join BE, 

produce BE to F, and nuke EF equal to BE ; (i. 3} 

and join FC 



BecauM AE il eqnal to EC, and BE to EF; 

the two lidea AE, EB, are eqoal to the l-wo CE, EF, each to eachj 

Bod the angle AEB is equal to the angle CEF, 

became ihey are uppositt, vertical angles ; (l. 15) 

Otn/bre Oit base AB it equal to the ban CF; (L 4) 

and the triangle AEB lo the triangU CEF, 

and tlie remaining angles to the remoiiiiiig angles, each to each, (o 
which the eqnal Bidca are oppositej 

wherefore the angle BAE in equal to the angle ECF; 
but the angle ECD is grealet than the angle ECF j 

tlurefore Uie angle ACS I> Kreater than tbe angle BAE. 

In tbe same manner, if the side BC be bisected, and AC be pttiduced 
to G, it may be demonstrated that the angle BCG, 
tiMt U, the nngla ACS, (i. 15) !• gr^Mur tbon tbe autle 



Therefore, if one side, &c 

PROP. XVIL— TSEOBEM. 
Ang turn angki nf a triangle are together leti than tioa ri^l 

f References — Prop, l \a, \6 •, fcx. ^.") 
Let ABC be auj triangle. 



i 
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Tben any two of Its angles sball be toffetber greater tbaa 
two rigbt angles* 

A 




CONSTRUCTION 

Prodace the side BC to D. 

DEMONSTRATION 

Because ACD is the exterior angle of the triangle ABC, 

therefore the angle ACD » greater than the interior and opposite an^ 
ABC; (1.16) 

to each of these equals add the angle ACB ; 

then die angles ACD, ACB, are greater than the angles ABC, ACB ; 
bat the angles ACD, ACB, are together equal to two right angles ; 

(1.13) 

tberelbre tbe angles ABC, BC A« are less tban two rigbt 
angles. 

In like manner, it may be proved, 

tbat tbe angles BAC» ACS, are less tban two rIgbt 
angleSf 

and likewise tbe angles CABv ABC* 

Therefore any two angles, &c. Q. E. D. 



PROP. XVIII.— Theorem. 

The greater side of every triangle is opposite to the greater angle ; i.e., 
in any triangle, if one side be greater than another, then the angle which is 
opposite the greater side is greater than the angle which is opposite the 
less, 

(References — Prop. i. 3, 6, 16.) 

Let ABC be any triangle of wluch tbe aide AC \a f^^Xftt ^^baai \3u& 
ade AB. 
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Tben the angrle ABC sball be greater ttiiui tbe aairle 




CONSTRUCTION 

Because the side AC is greater than the side AB, 
make KSi equal to AB, (i. 8.) and join BD. 

DEMONSTRATION 

Because the angle ADB is the exterior angle of the triangle BDC, 

therefore the angle ADB is greater than the interior and opposite angle 
DCB; (L 16) 

but the angle ADB is equal to the angle ABD, (l 5) 
because the side AB is equal to the side AD, 

therefore the angle ABD is likewise greater than the angle ACB ; 

wlierefore muob more im tbe angrle ABC greater tban the 
angle ACB. 

Therefore the greater side, &c. Q. E. D. 



PROP. XIX.— Theorem. 

The greater angle of every triangle is svhtended by the greater side, i.e,, 
in any triangle, if one angle be greater than another, 

then the side which is opposite the greater angle is greater than the side 
which is opposite to the less. 

(References — Prop. i. 5, 18.) 

Let ABC be any triangle, of which the angle ABC is greater than 
the angle BCA. 

Then the sMe AC shall be greater than the side AB. 
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Tlieii any two of Its angles sball be toffetber greater tbaa 
two rigbt angles. 

A 




CONSTRUCTION 

Prodace the side BC to D. 

DEMONSTRATION 

Because ACD is the exterior angle of the triangle ABC, 

therefore the angle ACD is greater than the interior and opposite tm^ 

ABC ; (I. 16) 
to each of these equals add the angle ACB ; 

then the angles ACD, ACB, are greater than the angles ABC, ACB ; 
bat the angles ACD, ACB, are together equal to two right angles ; 

(Ll3) 

tberefore the angles ABC, SC A« are less tban two rlglit 
angles. 

In like manner, it may be proved, 

tliat tbe angles BAC» ACS* are less tban two rlgbt 

angles, 
and likewise tbe angles CAB, ABC. 

Therefore any two angles, &c. Q. £. D. 



PROP. XVIII.— Theorem. 

The greater side of every triangle is opposite to the greater angle ; t.e., 
in any triangle^ if one side be greater than another, then the angle which is 
opposite the greater side is greater than the angle which is opposite the 
less, 

(References — Prop. i. 3, 5, 16.) 

Let ABC be any triangle of which the avie XC \a ^5t«&.\«t ^^baai ^ 
side AB. 



[X.] THE SCHOOL EUCLID. 25 

tbe anffle ABC sball be greater ttiiui the aaiple 




CONSTEUCTION 

the side AC is greater than the side AB, 
D equal to AB, (i. 3.) and join BD. 

DEMONSTRATION 

the angle ADB is the exterior angle of the triangle BDC, 

rre the angle ADB U greater than the interior and opposite angle 
B; (L 16) 

ingle ADB is equal to the angle ABD, (l 5) 
the side AB is equal to the side AD, 

we the angle ABD is likewise greater than the angle ACB ; 

efore muob more im tbe angrle ABC greater tban tbe 
pie ACB. 

re the greater side, &c. Q. £. D. 



PROP. XIX.— Theorem. 

reater angle of every triangle is svbtended by the greater side, t.e., 
iangle, if one angle be greater than another, 
\e side which is opposite the greater angle is greater than the side 
opposite to the less. 

(References — Prop. i. 5, 18.) 

BC be any triangle, of which the angle ABC is greater than 
8BCA. 

tbe sMe AO sbaU be greater tbaa tbe side AB. 

A 
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For, if AC be not griMiter than AB» 
AC most either be equal to AB, or less than it 
But AC is not equal to AB, 

because then the angle ABC would be equal to the angle ACB ; (i. 5) 
but it is not, (hyp.) 
therefore AC is not equal to AB. 

Neither is AC less than ABj 

because then the angle ABC would be less than the angle ACB ; (i. 18) 

but it is not ; (hyp.) 

therefore AC is not less than AB ; 
and it has been shown that it is not equal to AB ; 

tberelbre AC Is greater tHan AB. 
Wherefore, in any triangle, &c. Q. E. D. 



PROP. XX.— Theobem. 
Any two sides of a triangle are together greater than the third side. 
(References — Prop. i. 3, 5, 19 ; ax. 9.) 

Let ABC be a triangle. 

Then any two sides of It togetber are greater tbaa tbe 
tlilrd sidOf Ttsta 

tbe sides BA, ACt greater tban the side BC| 

AB, BCa greater than AC « 



and BC| CA, greater than 




D 



OONSTBUCnON 

Produce BA to the point D, 

and make AD equal to AC ; (i. S) and join DC 

} 

DEM0N8TBATI0N 

Because DA is equal to AC, 
therefore the angle ADC is eqyd. to tKe angle ACD \ (x. 5) 
bat tbe angle BCD is greater than the aixg\e kC\> \ 



thtr^fore the angle BCD is greater tliaa the angle ADC ■, 
imdliecBuse in the triangle DCB, ilio angle BCD ia grenteTthan tlie 
' wieleDCB, 
lind tbaC tlie side vMch is opposite tlie greater angle is greater tlian 

thftt which is opposite the lees ; (i. 19) 

Aerefore tie aide DB is greater than the side BC i 
kst DB is eqaal ta BA and AC ; (comti'.) 

nicrefora the ililBi BA, AC, are groater Uiaii SC. 
In the same manner, it may be proved, 

Oat the Bidaa AB, BC, are greater than CA( 

and BC, OA, are greater than AB. 
Therefore, any two sides, &c Q. E. D. 



PROP, XXI.— Thbokem. 

Iffhm Ae mdto/a side of a triaiigle there be draien two straight lines 
loapeint aithin ilie triangle t 

lien iheie shall be less Ihtm the other tu>o sides of tht triangle, b«t shall 
(NMloin a greater angk, 

{Referenoea — i. 16,20; as. ■!.) 

Let the two etraigbt lines ED, CD, be drawn from B, C, the ends of 
the Bide BC of the triangle ABC, to ihe point D wichin it. 
XbMi BB and DC iball be lea* than the two sides 8A. 

AC, of the trlanEle, 
fcvC shall contain lui angle BDC greater than the angle 




Beeanse two sides of a triangle are greater than \.te 'iK\tft.»&«,>J-t'S^ 

iherefgre tlie two sides Bh., AE.o/tke IriangU A.BT., ore gTealCT llin.*.j 
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to each of these add EG ; 

then the sides B A, AC, cure greater than BE, EC. (ax. 4.) 

Again, hecause the two sides CE, ED, of the triangle C£D, are greater 

than CD, 
add DB to each of these ; 

then the sides CE, EB, are greater than CD, DB ; (ax. 4) 
hut it has been shown that BA, AC, are greater than BE, EC, 

maeb more tlieti are BA, AC, greater tbaa S]>f SO* 

Again, because the exterior angle of a triangle is greater than the 
interior and opposite angle ; (l 16) 

therefore the exterior angle BDC of the triangle CDE is greater than 
CED; 

for the same reason, 

the exterior angle CEB of the triangle ABE is greater than BAC ; 
and it has been shown that the angle BDC is greater than CEB ; 

much more then im the angle SBC greater tban tlie 
angle BAC. 

Therefore, if from the ends, &c. Q. E. D. 



PROP. XXIL— Problem. 



To fMke a triangle of which the sides shall be equal to three given 
straight lines, but of which any two whatever must be greater than tie 
third, 

(References — Prop. i. 3 ; post 8 ; ax. 1 ; del 15.) 

Let A, B, C be three given right lines, of which any two whatever 
are greater than the third — viz., A and B together greater than C ; A 
and C together greater than B ; and B and C greater than A. 

It is required to make a triangle having its sides equal to A, B, C, 
each to each. 






Di 4L — i.).,; A 

\ ^\ «//= » B 

CONSTRUCTION 

Take a, Btmight line D£ terminated al liS^i^ i^mXT^^Vrafi \aXm\ted 
towards E, 



make DF ennai to A, FG equal to B, and GH equal tc 
and from (be c 

(post. 3} 
SDd from the ce 
and join KF, KG, 
Xben tbe triangle XFO ahall bavo Its ildea equal to 

ttie tbree Htralslit lines A, B, C. 



t the distance Ft>, describe tlie circle DKL; 
e G, at the distance GH, describe the circle TTT iK ; 



Becanae the point P is the centre of the circle DKL, 

therefore FD ia eq«a.l to FK; (def. 15) 
bat FD is equal to the atraigbt line A ; fcanstr.) 

therefore FK is eipial to A. (ax. 1 ) 
Again, beconse G is the centre of Ibe circle LKH, 

t^eforeCaie equal to GK; (dcf. 15) 
but GH is equal to C ; (conslr.) 

therefore GK is equal (o C ; 
and FG is equal to B ; (constr,) 

therefore the three straight lines KF, FG, GK, are equal to the three ' 
A, B, C. 
And ttierefore tbe triangle KFC baa Iti aldea XF, FC, tat, 

eqoal to tbe eiven stralgbt Ilnea A, S, C. Q. E. F. 



PROP. XXIIL— Phoslem. 

Al a given point in a given straight line to construct a rectilineal angle 
tqual to a given rectilineal angle, 

(References— Prop. J. 8, 22.) 
. I,et AB be the given straight line, and A the given paint in it, and 
DCE the giTen rectilineal angle. 

It ia reqoired to make an angle at tbe point A in tbe straight lino 
AB, «qiul to the rectilineal angle DC£. 
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CON8TBUCTION 

Take in CD, C£, any points D, E, and join DE ; 

make the triangle AFG, the sides of which shall be equal to the thiee 

straight lines CD, DE, CE, so that CD be eqoal to AF, C£ to AG, 

and DE to EG. (l 22.) 

Then tbe an^le VAO eball be eqnal to the angle ]>€& 

DEMONSTRATION 

Because DC, CE, are equal to FA, AG, each to each, 
and the base DE to the base FG ; (constr.) 

therefore the angle BCB Is eqnal to the angle VACk (i. 8.) 

Wherefore, at the given point A in the straight line AB, the angle FAG 
is made equal to the given rectilineal angle DCE. Q. E. F. 



PROP. XXIV.— Theoeem. 

If two triangles have tioo sides of the one equal to two sides of As 
other, each to each, but the angle contained by the two sides of one of them 
greater than the angle contained by the two sides, equal to them, of Ae 
other; 

tlien the base of that which has the greater angle, shall be greater than 
the base of the other, 

(References — Prop, l S, 4, 5, 19» 28; ax. 9.) 

Let ABC, DEF, be two triangles which have the two sides AB, 
AC, equal to the two DE, DF, each to each — viz., AB eqnal to DE, and 
AC to DF ; but the angle B AC greater than the angle EDF. 

Then the base BC shall be greater than the base BF> 





CONSTRUCTION 



Of the two sides DE, DF, let DE be x\ie sv^« ^\)i<^S&ii<(^ ^e«aJber than 
the other, 



and at llie point D, in llie aCraight line DE, make the angle EDG eqoal 

to the angle BAC i (i. 23) 
and make DG equal lo AC or DF, (i. S) and JoIq EG, GF. 



BeoaoEe AB is equal to DE, and AC to DG, 

Hie two BideB BA, AC, are equal to the two ED, DG, each to each, 
and the angle BAC ia equal lo the angle EDG ; (constr.) 

Ikertfon the base BC is equal lo ihs base EG. (i. 4.) 
And, becanEe DG is equal ta DF, 

liere/ote the aayle DFO ia equal Id Ihc angle DGF; (l. 5) 
tmt the angle DQF is greater than the angle EGF, 

llierefure the angle DFG ia greater Ihan the angle EGF i 

nuuA more tAen ii ike angle EFG greater than lilt angle EGF. 

And, because the angle EFG of the triangle EFG, is greater than it 

angle EGF, 
and that the greater side ia opposite to the greater angle j (i. 13) 
therefore the aide EG is greater than the side EFj 
It EG has been proved to be equal lo BC ; 
refore BC Is greater tbon BF. 
irefore, if two triangles. Ice. Q. £. D. 



PROP. XXV.— Theohbm. 

Iftmo triangla have two aidea of the one equal to heo aides oftht other, 
taek lo eacli, but the bate of one greater lAan the bate of the other; 

then Ike angle conlatned by tlie sides of the one lehich kaa the greater 
ha»e, ahalt be greater than the angle contained by the 3idea, equal lo Aem, 
ijflht ether. 

(References — Prop. r. 4, 24.) 

Let ABC, DEF, be two iriaogles which have the two ^des AB, AC, 
djoal to the two sides DE, DF, each to each— tik^ AB equal to DE, 
and AC to DF ; but the base CB greater than the base EF. 

Xtaen tlie anBle SAC stmll be ereater ttum tbe aorie esf. 



t 



For if the angle BAG be not greutcr than the angle DEF, 

it laafl uithor be equal to It or less. 

Now, if the angle BAC be equal to the angle EDF, 

then lartBt ike base BC be equal to the base EF ) (l 4) 
hnt it is not ; (hyp.) 

Vierefare the angli BAC is not equal to the an^k EDF. 

Again, if the angle BAC he less than the angle EDF, 
then mast t}ie base BC be leee than the baae EF; (i, 24) 

hut it is not; (byp.) 

there/lire the angle BAC is not leas than ihe angle EDF; 

and it has heen proved it is not equal to it ; 
tlierefore tbe angle s!&C la greater tban tbe angle E07- 

Wherefore, if two triangles, &e. Q. B. D. 



PROP. SXVI.— TSEOEEM. 
\ngles of the one equal 



^tu,oangU,ofA 
one side; ttiz. , either iht M 
side opposite to them ; 
ihaU be equal, each to each, and alao the Oiird an^ 



If twij triangles have 
other, eaeh to each, and 
adjacenl to the equal angi 

IhcH the other 
qftke one equal to the Aird angle of the other. 

(References — Prop. r. 3, 4, 

Let the two triangles ABC, DEF, have the angles ABC, BOA, eqal 
to tho angles DEF, EFD, eaeh to each ; also one side equal a OM 

First, Let the sides adjacent to tbe eqnal angles in each be eqi 
Va., BC equal to EF. 
Tben shall the aide AS be eqoal to the side SB, tbe m 

AC to ttae ilde 9F, and the amle BAC to tbe amla 




For if AE be not eqn 
one of Ibem is grenti^i 
Let AB lie the greale 
ud make BG equal 1 



[ban the other, 
of the iwo, 
. DE, (I. 3) and Join Ga 



;i 



Then in tbe two triangles GBC. DEF, 

become BG is assumed to be equal to DE, 

■Dd BC is equal to EF, (bjp.) 

tbe two sides GB, BC, must be equal (otbe two DE,EF, eacb to ^acb; 

•nd tbe angle GBC is equal to tbe angle DEF ; (byp.) 

therefore tbe base GC must be equal to tbe base 1)F, 

and the triangle GBC to tbe triangle DEF, 

and the remaining angles of Che one equal 10 the remaining angles of 
the other, eaeh to each, to which the equal sides are opposite ; 

Here/ore the ai^le GCB must be equal to the angle DFE ; (i. 4) 
Imt the angle DFE is, by the bypolhesiB, equal lo the angle BCA ; 

therefore aho the angle BCG must be eijuat lo the angle BCA, (ax. 1) 
die less to the greater, which is impossible ; 

Oertfore AB i* not vnetjial to DE, 

mat la, AS IB equal to SB. 

Therefore in the Iriangles ABC, DEF, 

beciuie the Iwo AB, BC, are equal lo the two DE, EF, each to eaeh ; 

Ud the angle ABC is equal lo the angle DEF ; <hjp.) 
ttaetefore tbe base AC Is equal to tbe base DF, 
and tbe tbtrA anslo SAC to the tblra onele EDF. (i. 4.) 

Ifttt, let the sides which are opposite to the equal angles iu each 
tjuugle be equal to one another, liz., AB lo DE. 
' nien llkewlsa in tlila case tbe otker aides shall be equal, 
AC to DF, and SO to BF | and also the third aoEle SAC 
to tbe tblrd angle EDF. 
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CONSTRUCnOM 

For if BC be not eqnal to £F, 

one of them most be greater than the other. 

Let BC be the greater, 

make BH equal to EF, (i. 3) and join AH. 

DEMONSTRATION 

Then, in the two triangles ABH, D£F, 

because BH is assumed to be equal to £F, 

and AB is equal to D£, (hyp.) 

the two sides AB, BH, must be equal to the two DE, EF, each to each ; 

and the angle ABH is equal to the angle DEF ; (hyp.) 

therefore the base AH must be equal to the base DF, 

and the triangle ABH to the triangle DEF, 

and the remaining angles of the one equal to the remaining angles of 
the other, each to each, to which the equal sides are opposite ; 

therefore the angle BHA muet he equal to ike angle BCA, (l 4) 

that is, the exterior angle, BHA, of the triangle ABC, must be equal 

to its interior and opposite angle BCA, 
which is impossible; (l 16) 

wherefore BC is not unequal to EF, 

tbat is, 8C is equal to 



Therefore in the triangles ABC, DEF, 

because AB is equal to DE, (hyp.) 

and BC has been shown to be equal to EF, 

the two AB, BC, are equal to the two DE, EF, each to each; 

and the angle ABC is equal to the angle DEF ; (hyp.) 

therefore tbe base AC is equal to the base SMPf 
and the third angle 8AC to the third aaslo WU» 

(L 4.) 

Wherefore, if two triangles, &c. Q. £. IX 



PROP. XXVIL— Theorem. 



If a straight line, falling upon two other straight lines, make the aiUrnak 
angles equal to one another, 
tAen these two straight lines shall be parallel. 

(References — ^Prop. i. \^ \ ^«i. ^^r^ 
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Let the Straight line £F, vhich falls upon the two straight lines, 
AB, CD, make the alternate angles, AEF, EFD, equal to one another. 

Tlien JLB sliall be parallel to CB. 




CONSTRUCTION 



For, if AB be not parallel to CD, 

AB and CD being produced, shall meet either towards B,D, or towards 

A,C; 
let them be produced and meet towards B, D in the point G. 



DEMONSTRATION 

Then 6EF must be a triangle, 

and its exterior angle AEF must be greater Ihan^ihe interior and oppO' 
site angle EFQ -J (l 16) 

but the angle AEF is equal to the angle EF6 ; (hyp.) 

thertfore the angle AEF must be both greater than^ and equal to the 
angle EFG ; 

which is impossible. 

Therefore AB, CD, being produced, do not meet towards B, D. 

In like manner it may be demonstrated that 
AB, CD, do not meet towards A, C. 

But those straight lines, in the same plane, which meet neither way, 
though produced eyer so far, are parallel to one another ; (defl 35) 

fbereftoe AB Is paraUel to CB. 

Wherefore, if a straight line, &c, Q. E. D. 



PROP. XXVIIL—Tkeobesi. 

If a straigM Un£ faUing vpon heo olher straight lines, ma^e the a 
raigle equal to the interior and opposite, upon the same tide of the lot, a 
nahe &e vaieriar angles upon the saint tide, iogelker equal to txo H 

then the tao straight tines shaB be parallel to <me another. 
(References — Prop. I. 13, 15, 27 ; ax. i. 3.) 

Let ibe atraight line EF, which folia npon the two atraigit lines AB, 
CD, make the exterior angle EGB equal to the interior and oppovU 
angle GUD npon the same side ; 

or make the interior anglea on the same side BGH, GHD, logellw 
equal to two right an gits. 

Tlien AB Bholl be parallel M CD. 



k 




Becaose the angle EGB ia equal to the angle GHD, (hyp.) 
and the angle EGB ia equal to the angle AGH, (l IS) 

therefore tlie angle AGH is equal to Ike angle GHD ; (ax. 1) 
and thej are alternate angles, 

ttaereftire AB U parallel to CS. (l 27) 

Again, hecauae the angles BGH, GHD, are eqnat to two right an^H) 

(hjp-) 
and that the anglea AGH, BGH, are alao eqaal to tro right an^cit 

(LIS) 

therefore the angles AGH, BGH, are equal to the angles BGH, GHDi 
(ai.1) 
take avpay the common angle BGH ; 

therefore the remaining angle AGH is equal to the remaining angle 
GHD i (ai. 3) 
and Ihej are alternate angles ; 

tberefore AB la parallel to CS. (i. 27) 
tfiere/brc, if a stmgbt line, &c. *4.^T>. 



PHOP. 


^«.] 


PROP. XXIX.- Theorem. 
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then 
tqualU 

thelwo 


traight linefaU upon two parallel straight linea, 
I maiea tlie aUemale angles equal to each other; and theexterior an^ 
the interior and opposite angle apoa the tame side; and Uheaite 
nterior angles upon the same side together equal to two right angUt. 




(Rdei^ 


nci:s-Prop.I.13. I5i ax. L 8, 4 


IS.) 






Let Ihe right lin 


EF, QUI on the paraUel lines AB 


CD. 







and tbe two Interlar anclea BSH, OBX>i on the Bame aide, 
■taall be togietber eqnal to two riKlit anglea. 



i 



For if the angle AGH be not equal to GHD, 

one of them must be greater than the other. 

Let AGH be the greater. 

Then because the angle AGH is assumed Co be greater than the angle 
GHD, 

add to cacb of them tbe angle BGH ; 

therefore the angles AGH, BGH, must be greater than the angtet BGH, 
GHDj (ox. 4) 

but the angles AGH, BGH, are equal to tvo right angles; (i. 13) 
there/ore the angles BGH, GHD, must be leas than two right angles; 

but ' those straight lines which with another straight line falling upon 
them, make the interior angles on the same side less than tno right 
angles, will meet together if continnall7 prodoced;' (ai. 12) 
therefore the straight lines AB, CD, must meet if produced far enough. 

bat thej never meet, since tbe; are parallel by the hypothesis ; 
therefore the angle AGH is not unequal to the aiujie QaQ, 
tbat Is, t&o ang'le AOB Is equal to VtiB ftufVe 43fB:D.i 
whlob are tile alternate anglet. 
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But the angle AGH it equal to the angle EGB ; (l 15) 

therefiire the angto SOB la equal to tbe angle <Hni» (az.1) 
tbat la* tbe esteiior angle ta equal to tbe tnteiier and 
oppoalte. 

Add to each of these the angles BGH ; 

Aerefore Oe angles EGB, BGH, are equal to die angles BGH, GHD; 
(ax. 2) 
but EGB, BGH are equal to two right angles ; (l 13) 

tberefiire alao BOB, OBB, are equal to two riglit angtofi 

(ax. 1) 
wbleb are the two Interior angles. 

Wherefore, if a straight line, &c. Q. E. D. 



PROP. XXX.— Theobem. 

Straight Knee which care parallel to the same straight Une are parallel to 

one another, 

(References — ^Prop. i. 27, 29 ; az. 1.) 

Let AB, CD, be each of them parallel to EF. 
Then AB shall be also parallel to CB. 



si- 



B 



i 



B ry F 

« — p — " 

CONSTRUCTION 

Let the straight line GHK cut AB, EF, CD. 

DEMONSTRATION 

Because GHK cuts the parallel straight lines AB, EF, 
therefore the angle AGH is equal to the angle GHF. (l. 29.) 

Again, because the straight line GHK cats the parallel straight lines 

EF, CD, 

Aerefore the angle GHF is equal to the angle GKD ; 
and it was shown that the angle AGK is equal to the angle GHF; 

dterefore also the angle AGK is equal to the angle GKD ; (az. 1) 
and they are alternate angles ; 

ihereibre JkS Is parallel to CB. (i. 27.") 
Wierefore, straight lines, &c ^^.T). 
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PROP, XXXI^-Pbobux. 

7*0 ifraw a straight line thraugh a given point, paraRet la a giten 
straight line. 

(References— Prop. I. 23, 27.) 

Let A 1)6 the giren point, and BC the grren right line. 
It is required to draw a Btrught line thnmgh the point A, pareUel 



In BC take any point D, and join AD; 

at the point A, in the straight tine AD, malce the angle DAE eqaal ti 

the angle ADC ; (l 23) 
tod produce the Etniight line EA to F. 

Tlwii SF aliall bo panOlet to BC, 



Because the straight line AD, which meets the two itraight linei 

BC, EF, 
makes the alternate angles EAD, ADC, equal to one another, 

tlieretiire BF la parallel to BC. (l 27.) 
'Wherefore the straight tine EAF is drawn through the giren point A' 

parallel to the given straight line BC. Q. E. F. 



PROP. XXXII.— Tbbobem. 

If At tide of oBji triangle be produced; 

then the exterior angle is equal lo the tmo inferior aiid opponte angka i 
and the three interior angles of every triangle are together egad to (no 
right angies. 

(Reterences- Prop. i. 13, 29, 31 j ax. 2.) 

Let ABC be a triangle, aad let one of iu sides BC be produced to B. 
Tlleii the exterior angle A.CS la etiudi Xo Vkw v^o VcAerCUn 

ana opposite ang-Ies CAB, A.BCt 
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and tbe tbree Interior angles of tbe triangle — vljh, ABOf 
8CA9 CABf are togetber equal to two rlgbt anglea. 




CONSTRUCTION 

Through the point C draw CE parallel to the straight line AB. (i. 31.) 

DEMONSTRATION 

Because AB is parallel to C£, and AG meets them, 

therefore ike aJtemat^ angles BAG, AGE, are equal (i. 29.) 
Again, because AB is parallel to GE, and BD falls upon them, 

therefore the exterior angle EGD is equal to the interior and opposite 
angle ABG ; (i. 29) 

but the angle AGE was shown to be equal to the angle BAG ; 
therefore tbe wbole exterior angle ACS Is equal to the 
two Interior and opposite angles CABf ABC. (ax. 2.) 

To each of these equals add the angle AGB ; 

therefore the angles AGD, AGB, are equal to the three angles GBA» 
BAG, AGB; 

but the angles AGD, AGB, are equal to two right angles; (i. 13) 

therefore also the angles CBAi BACf ACB, are equal to 
two rlgbt angles, (ax. 1.) 

Wherefore, if a side of a triangle, &c. Q. £. D. 

Gor. 1. AU the interior angles of any rectilineal figure, together tm'M 
four right angles, are equal to twice as many right angles as the figure has 
sides. 




DEMONSTRATION 

For, any rectilineal figure ABGDE can, by drawing straight lines from 
s point F within the figure to each angle, be dmded into as many 
trmnglea as tbe Agnre has udes. 



PROP. XXXn.] THE SCHOOL EUCLID. 41 

By the proposition, the angles of each triangle are equal to two right 
angles; 

therefore aU the angles of the triangles are equal to twice as many 
right angles as there are triangles, that is, as there are sides of the 
figure; 

but the same angles are equal to the angles of the figure, together with 
the angles at ^e point F ; 

and the angles at F, which is the common yertex of all the triangles, 
are equal to four right angles, (l 15, cor. 2) 

therefore aU the angles of the figure, together with four right angles, 
are equal to twice as many right angles as the figure has sides. 

Cor. 2. AU the exterior angles of any rectiUneal figure are together equal 
to four right angles. 




D — 



DEMONSTRATION 

For, because each interior angle ABC, together with its adjacent ex- 
terior angle ABD, are equal to two right angles, (i. 13) 

therefore aU the interior angles, together with aU the exterior angles, 
are equal to twice as many right angles as there are angles or 
sides, 
but all the interior angles, together with four right angles, are equal to 
twice as many right angles as the figure has sides ; (cor. 1) 

therefore aU the interior angles, together with aU Ae exterior angles, are 
equal to aUthe interior angles and four right angles ; (ax. 1) 

take away the interior angles which are common ; 

therefore aU the exterior angles are equal to four right angles, (ax. 3.) 



F PROP. XXXIII.— Theorem. 

TTie airaighl /ines ahich join ihe exlremilies of two equal and pe 
straight lints ipiraids (he same parts, are also tAemselna t 
paralleL 

(References — Prop. i. *, 27, 29.) 

Let AB, CD, be two equal and pnrnlle! straight Ham, ondjaurfl 
towards the same parts by the straight lines AC, BD. 

Tben ACt XO, abaU be equal bsiI panUteL 



^^Jo^Sboppc 



A B 



opposite points B and C. 



Becanse AB U parallel to CD, and BC meets them, 

tiers/ore ihe ollemale angles ABC, BCD, are e^aal; (l. 29) 
and Ijecanse AB is equal to CD, (hyp.) and BC common to the t 

trianglea ABC, DCB, 
the (WO sides AB, BC, are eqoal to tlie two DC, CB ; 
mid the angle ABC has been shown to be equal to (he angle BCDt 

tlieiefore tlie base A.C la equal to tbe base BSi (i. 4} i 

and the tnangle ABC to tLe triangle BCD, 

and the other angles (a the other angles, each lo each, to vbioki 
equal sides are opposite ; 

llicrefore the angle ACB is equal la the angle CBD, 
And because the straight line BC meets the (wo straight linea AC|1 

and makes tlie alternate angles ACB, CBD, equal to one anothetf 

tberefore A.O la paraUel to BD. (l S7) 1 

and AC waa abown to be equal to BD. 
Therefore, straight lines, &c. Q. E. 

PROP. XXXIV.— Theohem. 
The opposite sides and angles of paraHelograns are equal to each mW, 
and the diameter bistets them, tliat is, diddet ihem into lao equal parts. 
N.B. A pvilMoBum U ■ raur-iidcil Bgan, cf >hkh (hr oppoille liilei ue pudUi 



ffieferencea— Prop. \. 4, 26, M ■, m- ».■) 



J 



I«t ACDB be B paralle1[>gT«iii, of whicli BC is a iliametvr. 
Ttaea tba oppoalte ■Idea and onsle* of the arnre atiall Ii 



Becauae AB is parallel to CD, and BC nieela them, 

Ikere/ore He alternate angles ABC, BCD, are equal to one another ; 
(I. 29) 
Had because AC is parallel to BD, and BC meets tbem, 

therefore the alterjiate angles ACB, CBD, are eqacU to one another. 
Wlicrefore in the two triangles ABC, CBD, 
becanse ihe two angles ABC, BCA, in the one, are eqiial to the two 

angles BCD, CBD, ia the other, each to each, 
and one side BC, which is adjacent to their equal angles, is common 

to Ihe two triangles; 

therefore their other sides shall he eqnal, each to each, 

and the third angle of tlie one to ib« third angle of the other 
Ct. a6>-Tiz., 

the aide AB to the tide CD, (aid AC to BD, 

and the angle BAC to the angle BDC. 

And hecanse Ihe angle ABC ia equal to the angle BCD, snd the angle 
CBD to the angle ACB; 

therefore the tehoU angle ABD is equal to the ahole angle ACD| 
(ai.2) 
and the angle BAC has been sbown to be equal to tlie angle BDC ; 
Uerefore tlie opposite Bides and tu>Eles ofn pnKiIlelOBnun 
are equal to one aaotber. 
Also the diameter shall bisect it. 
For because AB ia equal to CD, and BC common, 
the two AB, BC, are equal to the two DC, CB, each to each i 
and the angle ABC has been proved equal to the angle BCD ; 
therefore Ihe triangle ABC is equal la the triangU BCD ; (r. *) 
and the diameter BC dltitdes tbe 'pwce.Vle\a%i*,Ta. &x:;isil 
into two equal parts. *^.^.^. 
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PROP. XXXV.— Theorem. 

ParaBdograma upon the same base, and between the same paraUds, are 
equal to each other, 

(References — Prop. i. 4, 29, 34 ; ax. 1, 3, 6.) 

Let the parallelo^^rams ABCD, EBCF, be on the same base BC, and 
between the same parallels AF, BC. 

Then fbe parallelogram ABCB sball be equal to fiie 
paralieloffram BBCl". 




DEMONSTRATION 

If the sides AD, DF, of the parallelograms ABCD, DBCF, opposite to 
the base BC, be terminated in the same point D, 

it is plain that each of the parallelograms ABCD, DBCF, is double of 
the triangle BDC ; (l 34) 

and therefore the parallelogranui ABCB, B8CF, are equal 
to one another, (ax. 6.) 



E D 






Bat if the sides AD, EF, opposite to the base BC of the parallelograms 

ABCD, EBCF, be not terminated in the same point; 
then, because ABCD is a parallelogram, 

therefore AD is equal to BC ; (l 34) 
for the same reason £F is eqaal to BC ; 

wherefore AD is equal to EF ; (ax. I) 

and D£ is common ; 

therefore the whole, or remainder* A£, is equal to ihe whole, or rer 
mainder DF ; (ax. 2 or 3) 



* The words * whole or remainder' are used to suit both figures (2 and 3), since, 
in figure 2, DE is added to AD and EF, which therefore gives the whole AE; and 
/a ttgure 3, DE is taken away ftom AD and £F, which therefore leaves the re- 
maiader AE, 



•nd AB is equal to DC. (l. 34.) 

Wherefore, b the Irianglea EAB, FDC, 

tiecaoM the two EA, A B, are equal to the two FD, DC, each to each ; 

and the exterior angle FDC is equal to the interior EAB, (l. 39) 
therefore the base EB ia equal to the base FC, 
and Ihe Inaxgk EAB equal lo Hie triangle FDC (l. i.) 

Tate the trinnele FDC from the trapezium ARCF, 
and from the Eiime trapezium take thefriaugle EAB ; 

tia remainders are llierefore equal, (fix, 3) 

Oiat Is, tlie parallelDsi'Bin ASCD la eqnAl t« tbe paral- 
laloeram EBCF. 
Therefore, parallelograms upon the same baae, &c. Q. E. D. 



PROP. XXXVL— THEOBtM. 
FaraSdograna vp/m equal bmea and beOBsm the tame paraUels o 
tqiuU to one analher, 

(References— Prop. l. 33, 34, 35t ax. 1.) 
Let ABCD, EFGH be parallelograing upon eqoal bueg BC, FG, and 
betweea the same purallela AH, BG. 
Tben tbe pnrallelognuu ABd> hIibII bs eqtuU to tlu 
parallelOKrani srOH. 



s: 



d f^om C to H, the straight 



Became BC is equal to FG, (hyp.) and FG to EH, (i, 34) 

t*(«/(jreBC£.«9«o/n)EH; (ax. 1) 
and they are parallels, and joined towards Che same parte by the straight 

Unes BE, CHi (hyp.) 
bat ' straigbt lines which join equal and parallel straight lines towardi 

the same parts, are ihemeelves equal and parallel ; ' (l 33) 

therefore EB, CH, are both eqnal an! patsIieV-, 
if&rre/brt EBCH is a parallelogram. (_!. 3t, drf.'> 
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Then because the parallelograms ABCD, EBCH, are apon the same 

base BC, 
and between the same parallels BC, AH ; 

therefore the paraUehgram ABCD is equal to the parallelogram EBCH; 
(l 35) 
for the like reason, the parallelogram EFGH is equal to the same 
EBCH; 

therefore tbe para]ielo8r|pi ABCB is equal to tbe paral- 
lelogram BFOB. (ax. u) 

Wherefore, parallelograms, &c Q. E. D. 



PROP. XXXVIL— Theorem. 

Trianglea tqxm the same base, and between the same parallels, are equal 
to one another, 

(Beferaices — Prop. i. 31, 34, 35 ; as. 7.) 

Let the triangles ABC, DBG, be on the same base BC, and between 
the same parallels AD, BC. 

Tben tbe triangle ABC sball be equal to tbe triangle 
BBC 

B A D F 
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CONSTRUCTION 

Produce AD both ways to the points E, F, 

and through B draw BE parallel to CA, and through C draw CF 
parallel to BD. (l 31.) 

DEMONSTRATION 

Then, each of the figures EBCA, DBCF, is a parallelogram ; (l 84, 

def.) 
and because the parallelograms EBCA, DBCF, are upon the same 

baseBC, 
and between the same parallels BC, EF, 

dterefore the parallelogram EBCA is equal to the paraUehgram DBCF; 
(I. 35) 

and because tbe diameter AB bisects tYie ^ttraWfiXo^gram EBCA ; 
t^efore tke triangle ABC is ^ half o/liBCk-, C>^4^ 
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and becanae tbe dianteter DC %beob tlie parallelogram DBCF, 

therefBte thi Iriangit DBC is tht Imlf of DBCF; 
but 'things vbich are Iialres of the samp are eqoai to oae aaocher,' 

(ai. 7) 

tbereliire tlie triangle ASC 1b equal to tbe tiiaiiK>e DBC. 
Wherefore, trianglcB, &c. Q. E, D. 



PROP. XXXVIII^TratoKEB. 

Tyiangltt apoa equal bases Had belmoB the same paraUeb are e^a 
one another. 

(References — Prop. I. 31, 31, 36 ; ax. 7.) 

Let the triangles ABC, DEF, b« on the equal bases BC, EF, and 
betveea the same parallels AD, BF. 

Tben tbe trlaDgle ABC iball be equal to tbe triangle 



Produce AD both wajs to the points G, H, 
Bcd through B draw BG parallel lo CA, and throogh F draw FH 
paraUel to ED. (i. 31.) 



Then, each of the Egurei GBCA, DEFH, is a parallelogtam ; (i. 31 

def.) 
and because the; are upon equal bases BC, EF, 
and between tbe same parallels BF, GH, 

ihere/ore thae parallelograms are equal (o one another, (l 36.) 
Aud because the diameter AB bisects the parallelograms GBCA, 

thertfore the triangle ABCis the half of GBCA.; (i. 34) 
ud because the diameter DF biaectg the parallelogram DEPH, 

therefore tlie triangle DEF is the half of DEFH ; 
but ' IhingB vhich tie halves of the same are equal (o one anolUer,' 

Uierefore tbe triangle ABC li e<|.ual to tbe xi\«xii£va 'UVB- 

Wierpfon, triangles, &c Ci,t.^. 
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PROP. XXXIX.— Theobsx. 

Equal triangles upon the same base and on the same side of it, an 
between the same parattels, 

(References — Prop, l 31, 37 ; ax. l.J 

Let the equal triangles ABC, DBC, be upon the same base BC, and 
on the same side of it. 

Then tbey sliall be between tbe same parallels. 




CONSTEUCTION 

From A to D, draw the straight line AD. 
Then AD is parallel to BC, 

For, if it be not, through the point A draw AE parallel to BC, (l 81) 
and join EC. 

DEMONSTRATION 

Then, because the triangles ABC, EBC, are on the same base BC, 
and are assumed to be between the same parallels BC, AE; 

therefore the triangle ABC must be equal to the triangle EBC ; (l 37) 
but the triangle ABC is equal to the triangle DBC ; (hyp.) 

therefore the triangle DBC must be equal to the triangle EBC, (ax. 1) 
the greater to the less, which is impossible; 

therefore AE is not parallel to BC. 

In the same manner, it can be demonstrated that no other line but AD 
is parallel to BC ; 
tberefore jCLB is parallel to BC. 

Wherefore, equal triangles upon, &c. Q.E.D. 



PROP. XL — Theoeem. 

Equal triangles upon equal bases in the same straight line and towards 
the same parts are between the same paraUel 

(References — Prop. i. 31, 38; ax. 1.) 

Let the equal triangles ABC, DEF, be upon the equal bases BC, £F, 
in the same straight line BF, and towards the same parts. 
nien the triangles ABC| BSF» sball tM lM!tw««ii tbA same 
parallels. 
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CONSTBUCnON 

From A to D, draw the straight line AD ; 
then AD is parallel to BF. 

For, if it he not, through A draw AG parallel to BF, (l 81) and join 
GF. 

DEMONSTBATION 

Because the triangles ABC, GEF, are upon equal hases BC, EF, 
and are assumed to he between the same parallels BF, AG ; 

iSuTtfort iht triamgU ABC muxt be eqwd to ike triangle GEF ; (i. 38) 

but ^e triangle ABC is equal to the triangle DEF, (hyp.) 

therefore aho the triangle DEF must be equal to die triangle GEF, 
(ax.1) 

the greater to the less, which is impossible; 

therefore AG is not parallel to BF. 

And in the same manner it can be demonstrated that there is no other 
parallel to it but AD ; 

tiMrofiMre AB is paralUl to 8r« 

Wherefore equal triangles, &c Q. E. D. 



PROP. XLL^Theobem. 

^a paraSehgram and a triangle be upon the same base and between the 
same parallels; the parallelogram shall be double of the triangle, 

(References — Prop. i. 34, 37 ; az. 1.) 

Let the parallelogram ABCD, and the triangle EBC be upon the same 
base BC, and between the same parallels BC, AE. 
Then tlfte parallelogram ABCB ObaH Im ^uvvKAib ^ 
trlABfia JB8C. 
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B fD 




CONSTRUCTION 

From A to C draw the straight line AC 

DEMONSTRATION 

Because the triangles ABC, ECB are npon the same base BC, 
and between the same parallels BC, AE, 

therefore the triangle ABC U equal to the triangle EBC; (i. 37) 

bat the diameter AC bisects the parallelogram ABCD, 

therefore theparaHehgram ABCD is double of the triangle ABC, (l 34) 

wberefore also'ABCB is doable of tbe triangle BBC (ax.1) 

Therefore if a parallelogram, &c. (^ E. D. 



PROP. XLIL— Problem. 

To describe a parallelogram that shall be equal to a given triangle^ ad 
have one of its angles equal to a given rectilineal angle, 

(References — Prop, l 10, 23, 31, 38, 41 ; az. 6; def. i. 34.) 

Let ABC be the given triangle, and D the given rectilineal angle. 
It is required to describe a parallelogram that shall be equal to tbe 
given triangle ABC, and have one of its angles equal to D. 



k 



CONSTRUCTION 

Bisect BC in E, (l 10) join AE, 

and at the point E in the straight line EC, make the angle CEF eqnil 
to D ; (L 23) 

through A draw AF6 parallel to EC, and through C draw C6 parallel 
to EF. (l 31.) 
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Then FSCG is tbe parallelogram required. 

DEMONSTRATION 

Because the base BE is equal to the base EC, and BC parallel to AG, 
therefore the triangle ABE is equal to the triangle AEC ; (l 38) 

and therefore the triangle ABC is double of the triangle AEC ; 

bat because the parallelogram FECG and the triangle AEC are on the 
same base EC, and between the same parallels EC, AG, 

therefore the paraUehgram FECG is double of die triangle AEC ; 
(I. 41) 

but * things which are double of (he same are equal to one another ' 
(ax. 6) 

therefore tbe parallelogram flMJG Is equal to tbe triangle 



a&a it bas one of its angles CEF equal to tbe given angle D. 

(constr.) 

Wherefore there has been described a parallelogram FECG equal to a 
given triangle ABC, having one of its angles CEF equal to the given 
angle D. Q. E. F. 



PROP. XLIII.— Theorem. 

The complements of the parallelograms which are about the diameter of 
any paraUehgram, are equal to one another, 

(References — Prop. i. 34 ; ax. 2, 3.) 

Let ABCD be a parallelogram, of which the diameter is AC ; and 
EH, FG, the parallelograms about AC, that is, through which AC 
passes; 

and let BK, KD be the other parallelograms, which make up the 
whole figure ABCD, and are therefore called the complements. 

Tben tbe oomplement BS sball be equal to tbe oomple- 
ment SD. 




B G 



DBMONSTRATIOH 



Because ABCD is a parallelogram, and AC its dsnms^T, 

n 9. 
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therefore the triangle ABC is equal to the triangle ADC ; (i. 34) 
and because EEHA is a parallelogram, and AK its diameter, 

therefore the triangle AEK ie equal to the triangle AHK ; 
and for the same reason, 

the triangle KGC is equal to the triangle KFC. 

And, because the triangle AEK is equal to the triangle AHK, and At 
triangle KGC to KFC; 

therefore the two triangles AEEI, KGC, are equal to tAe too triaafm, 
AHK, KFC ; (ax. 2) 

but the whole triangle ABC is equal to the whole triangle ADC ; 

tberefore the remaining eomplement BX is equal tefti 
remalntng complement XB. (ax. 3.) 

Wherefore, the complements, &c Q. £. D. 



PROP. XLIV.— Problem. 

To a given straight line to apply a parallelogram, which shall be epd 
to a given triangle, and have one of its angles equal to a given reetiHrni 
angle, 

(References — Prop. i. 15, 29, 31, 42, 43 ; ax. 9. 12.) 

Let AB be the given straight line, and C the given triangle, aid 
D the given rectilineal angle. 

It is required to apply to the straight line AB, a parallelogram eqvl 
to the triangle C, and having an angle equal to D. 

/ / // 
GZ -^'^ 
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CONSTRUCTION 

Make the parallelogram BEFG equal to the triangle C, (l 42) 

and having the angle EBG equal to the angle D, 

so that BE be in the same straight line with AB ; 

produce FG to H, 

and through A draw AH parallel to BG or EF, (i. 31) and join HE 

Then becanse the straight line HF falls upon the parallels AH, EF, 
therefore the angles AHF» HFE, are together equal to the two 
right MDgleB} (l 29) 
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wherefore the angles BHF, HF£, ore leas than two right angles; (ax. 9) 

but ' straight lines which with another straight line make the interior 
angles upon the same side less than two right angles, do meet if 
produced far enough;' (ax. 12) 

therefore HB, FE, shall meet, if produced; 

let them meet in K, 

and through K draw KL parallel to EA or FH, (l 31) 

and produce HA, GB, to the points L, M. 

Tlien ItB sball be tbe parallelogram required. 

DEMONSTRATION 

Because HLKF is a parallelogram, of which the diameter is HK, 
and AG, ME, are the parallelograms about HK, 
also LB, BF, are the complements ; 

therefore the complement LB is equal te the complement BF; (i. 43) 

bat the complement BF is equal to the triangle C ; (constr.) 

"wlierefbre &B is equal to tbe triangle C. 

And because the angle GBE is equai to the angle ABM, (l 15} 

and likewise to the angle D, 
tberefbre tbe angle ABM Is equal to tbe angle B. 

Wherefore the parallelogram LB is applied to the straight line AB, 
and is equal to the triangle C, and has the angle ABM equal to 
tbe angle D. Q. E. F. 



PROP. XLV.— Problem. 

To describe a parallelogram equal to a given rectilineal figure, and 
having an angle equal to a given rectilineal angle, 

(Beferences-r-Prop. l 14, 29, 30, 42, 44 ; ax. 1, 2 ; i. 34, def.) 

Let ABCD be the given rectilineal figure, and E the given rectilineal 
angle. 

It is required to describe a parallelogram equal to ABCD, and having 
an angle equal to E. 

CONSTRUCTION 

Join AC, and describe the parallelogram FH equal to the triangle 
ABC, and having the angle HKF equal to the angle E ; (i. 42) 

and to the straight line GH apply the parallelogram GM equal to thft 
triangle ADC, having the angle GHM eqnsA. lo ^^ wi^^'^. ^ •t^.^ 

Ttaea tbe ^^w^e rm«a» sbaU be tbe 'gaaraaci!e\occttaBiT«««Qas«^ 



54 THE SCHOOL EUCLID. [BOOI I 




/ 



E 




* DEMONSTRATION 

Because the angle E is equal to each of the angles FKH, 6HM, 

therefore the angle FKH is eqttal to the angle GHM; 
add to each of these the angle KHG ; 

therefore the angles FKG, KHG, are equal to the angles KHG, GHM; 
but FKH, KHG are equal to two right angles ; (i. 29) 

there/ore also KHG, GHM, are equal to two right angles ; 

and because at the point H in the straight line GH, the two straight 
lines KH, HM, upon the opposite sides of it, make the adjacent angles 
equal to two right Angles, 

therefore KH is in the same straight line with HM. (l 14.) 

And because the straight line HG meets the parallels KM, FG, 
therefore the alternate angles MHG, HGF, are equal; (i. 29) 

add to each of these the angle HGL ; 

therefore the angles MHG, HGL, are equal to the angles HGF, HGL; 

but the angles MHG, HGL, are equal to two tight angles ; (i. 29) 
whe^fore also the angles HGF, HGL, are equal to two right cMgles, 
and therefore FG is in the same straight line with GL. (i. 14.) 

And because KF is parallel to HG, and HG to ML, 

therefore KF is parallel to ML ; (i. 30) 
and KM, FL, are parallels; 

wherefore KFLM is a parallelogram; (i. S4, def.) 

and because the triangle ABC is equal to the parallelogram HF, and 
the triangle ADC to the parallelogram GM; 

therefore tbe wbole reetlUneal flrure ABCB Is eq^al *• 
tlie wbole parallelogram XF&M. 

Wherefore the parallelogram KFLM has been described equal to the 
given rectilineal figure ABCD, having the angle FKM equal to the 
angle E. Q. E. F. 

_ Cor, From thiB it is manifest how to av\\7 \q «k %kN«ii t\%\ii Une a 
punJJelqgnuD, which shall have an aiig\« «(\y)k»i \o ^ %vh«ci x^ieaiibsM^ 
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angle, and shall be equal to a giyen rectilineal figure — viz., by apply- 
ing to the given straight line a parallelogram equal to the first triangle 
ABC, and having an angle equal to the given angle. 



PROP. XL VI.— Problem. 

To describe a square upon a given straight line, 

(References— Prop. i. 3, 11, 29, 31, 34; ax. 1, 3; de£ 30.) 

Let AB be the given straight line. 

It is required to describe a square upon AB. 


D 




CONSTRUCTION 

From the point A draw AC at right angles to AB, (i. 1 1) 
and make AD equal to AB, (l 3) 
through the point D draw DE parallel to AB, (l 31) 
and through B draw BE parallel to AD. 

Tben ADUB sball be tbe square required. 

demonstration 

Because DE is parallel to AB, and BE parallel to AD; (constr.) 
therefore ADEB is a parallelogram; (l 34, def.) 

wherefore AB is equal to DE, and AD to BE; (i. 34) 

but BA is equal to AD; (constr.) 
therefore the four straight lines BA, AD, DE, EB, are equal to one. 
another, 

and the parallelogram ADEB is equilateral. 

Likewise all its angles are right angles ; 

for, since the straight line AD qieets the parallels AB, DE, 

therefore the angles BAD, ADE are equal to two right angles f (i. 29) 

but BAD is a right angle ; (constr.) 

therefore also ADE is a right angle; (ax. 3) 

but * the opposite angles of parallelograms ax« eo^'^*^ ^. %V^ 
therefore each of the opposite angles AB1Ei»'B1ED,HA«^T^^fi°^^=^^^'» 



whtrtfore lit paratldogran ADEB u rectangular. 
And it has been demonairjted that it is eqiulateralj 



and it is described upon the given ttniight line AB. Q. E. I 

Cot. Henee everjr parsUelograin tbal hu one right ingle hu all ilt 
ftnglei right kuglei. 



PBOP. XtVIL— Thbomm. 
In any n^t-an^td trvntglt, tht iqiiart ¥>kich it daer^ed Kfxni At nil 
wkilaiding Ae right tmgle, ii egaal to tht tqaarea diteribed vpon the tiJa 
mkick centaim tht right anglt, 

(Ileferencei— Prop. I. 4, 14, 31,41,46; u. S, 6, 11] def. SO.) 
Let ABC be a right-angled triangle, having the right angle BAC 
TtaBn tli« aqaore d«Mnrltmd npon tbe atd« bc, abaii be 




On BC desctibe the aqove BDEC, (i. 46) 

and on BA. AC, tbe squares OB, HC; 

thnmgh A draw AL parallel to BD, or CE, (l 31) and join AD, FC. 



Then, becaiue each of the anglei BAC, BAO, ia a riglit angle, (hyp., 

def. 30) 
the tTo strsjght line* AC, AO, npon the opposite sides or AB, make 

with it at tbe point A, the adjacent angles equal to two right angles; 

thertfore CA U in tht tami itraight hnt witli AG ; (l 14) 
for tbe ettme reason, 
AB and AS are in tht tamt atratght Km. 
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And because the angle DBC is equal to the angle FBA, each of them 

being a right angle, 
add to each the angle ABC, 

^len the whble angle DBA is equal to the whole FBC. (ax. 2) 

Hence, in the two triangles ABD, FBC, 

because the two sides AB, BD, are equal to the two FB, BC, each to 

each, (def. 30) 
and the angle DBA equal to the angle FBC; 

therefore the base AD is equal to the base FC, 

and the triangle ABD to the triangle FBC. (i. 4 ) 

Again, because the parallelogram BL and the triangle ABD are upon 
the same base BD, and between the same parallels BD, AL ; 

therefore the parallelogram BL is double of the triangle ABD ; (i. 41) 

and because the square GB and the triangle FBC are upon the same 
bfise FB, and between the same parallels FB, GC ; ' 

therefore the square GB is double of the triangle FBC; 

bat the doubles of equals are equal to one another; (ax. 6) 

therefore the parallelogram BL is equal to the square GB. 

In the same manner, by joining AE, BE, it is proved that the paral- 
lelogram CL is equal to the square HC. 

Therefore the whole square BDEC is equal to the two squares GB, HC : 
(ax. 2.) 

and the square BDEC is described upon the straight line BC, 
and the squares GB, HC, upon BA, AC; 

w^lierefore tlie square npon tlie side SCf is equal to tlie 
squares upon tlie sides Bik, AC. 

Therefore, in any right-angled triangle, &c. Q. £. D. 



PROP. XL VIIL— Theorem. 

If ike square described upon one of the sides of a triangle, be equal to 
the squares described upon the other two sides of it; 

then the angle contained by these two sides is a right angle, 
(References -Prop. i. 3, 8, 11, 47; ax. 1, 2.) 

Let the square described upon BC, one of the sides of the trvaxi%U. 
ABO, be equal to the squares upon the other &\de&lE^k^ K.C 
Vtten the angle SAC ShaU be a vicUt «n!«;ve% 

i>3 
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CON8TEUCTION 

From the point A draw AD at right angles to AC, (i. 11) 
and make AD eqnal to B A, (i. 3) and join DC. 

DEMONSTEATION 

Then, because DA is eqnal to AB, 

the square of DA is equal to the square of AB; 

to each of these eqnals add the square of AC, 

therefore the squares of DA, AC, are equal to the squares q/*BA, AC 
(ax. 2) 

but because DAC is a right angle, (constr.) 

herefore the square of DC is equal to the squares q/*DA, AC; (i. 47) 
and the square of BC is equal to the squares of BA, AC j (hyp.) 

therefore the square of DC is equal to the square of BC; (ax. 1) 

wherqfore also the side DC is equal to the side BC. 

Hence, in the two triangles DAC, BAC, 

because the side DA is equal to the side AB, (constr.) 

and AC common to both triangles, 

the two DA, AC, are equal to the two£A, AC, each to each, 

and the base DC has been proved to be equal to the base BC ; 

therefore the angle DAC is equal to the angle BAC; (i. 8) 
but DAC is a right angle; (constr.) 

therefore also BAC is a rlffbt angle, (ax. 1.) 
Therefore, if the square, &c. Q. E. D. 
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DEFINITIONS. 



I. 



Eyebt right-angled parallelogram, or rectangle, U said to be contained 
by any two of the straight lines which contain one of the right angles. 

II. 

In every parallelogram, any of the parallelograms abont a diameter, 
together with the two complements, is called a Gnomon. 



E 



/ 
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' Thos the parallelogram EG, together with the complemenU AF, FC, 
is the Gnomon, which is more briefly expressed by the letters AGK, or 
EHC, which are at the opposite angles of the parallelograms which 
make the Gnomon.' 



PROP. L— Theorem. 

If there be two straight HneSf one of which is divided into any number of 
parts; 

then the rectangle contained by the two straight lines, is equal to the 
rectangles^ contained by the undivided line, and the severoX parU of ^t^ 
di'vided /i'ne. 
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(References — Prop. i. 3, 11, 31, 34.) 

Let A and BC be two straight lines; and let BG be diyided into aoy 
number of parts in D and £. 

Tlieii tlie rectangle contained by tlie straiclit lines A and 
BC is equal to tlie rectangle contained hy A, and BB, 
toifetber witb that contained by A and BBy and £k. and 



B DE C 



G 
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CONSTRUCTION 

From the point B, draw BF at right angles to BC, (i. 11) 

and make B6 eqnal to A ; (i. 3) 

through G draw GH parallel to BC ; (l 31) 

and through the points D, E, C, draw DK, EL, CH, parallel to BG. 

DEMONSTRATION 

Then the rectangle BH is eqnal to the rectangles BK, DL, EH; 
but because BH is contained by GB, BC, 
and GB is equal to A ; (constr.) 

therefore BH is contained by A and BC, 

and, because BEl is contained by GB, BD, of which GB is equal to A, 

therefore BK is contained by A and BD ; 

and because DL is contained by DK and DE, 
and DK, that is, BG, (i. 34) is equal to A ; 

therefore DL is contained by A and DE ; 

and in like manner EH is contsdned by A and EC ; 

therefore the rectangle contained by £L and BC Is equal 
to the several rectangles contained by £L and BBy by A 
and HMt and by A and BC. 

Wherefore, if there be two straight lines, &c Q. E. D. 



PROP. IL— Theorem. 

If a straight line he divided into any two parts ; 
iS^ tAe rectangles contained 61/ (Ke toKole and eoAk of tkt ^^ortt mn to- 
S^etAer equal to the squcure of the whole line. 
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(References — Prop. i. 31, 46.) 
Let AB be divided into anj two parts in C. 
TbeB the reetangle* contained hy AM and 8C, tofetlier 

witli tbe reetanffle contained hy AM and AC, sball 1>e 

equal to tbe square of AMm 

A OB 







D I 


^ B 



CONSTRUCTION 

Upon AB describe tbe square ABCB, (l 46) 

and throngb C draw CF parallel to AD or BE. (i. 31.) 

DEMONSTRATION 

Then AE is equal to the rectangles AF, CE. 
But AE is the square of AB ; 

Aere/ore the square of AB is equal to Ae rectangles AF, C£. 
Bat AF is contained by DA, AC, of which AD is equal to AB, 
(det 80) 

therefore AF is the rectangle contained hy AB, AC ; 

and CE is contained by AB, BC, since BE is equal to AB ; 

tlieirefore the rectangle contained by JkB* AC, toirctlier 
witli tbe rectangle AB, 8C, is equal to tbe square 
of A8. 

If, therefore, a straight line, &c Q. E. D. 



PROP. IIL— Theorem. 

If a straight line he divided into any two parts; 

Aen the rectangle contained hy the whole and one of the parts is equal to 
the rectangle contained by the two parts, together with the square of the 
aforesaid part 

(References — Prop, l 31, 46.) 

Let the straight line AB be divided into any two parts in the 
point C. 

* N.B. To avoid repeating the word contained too flrequeatl7«th« t«efcv&^<b«»^> 
talnad tf two ttralgfat lines, AB and AC, U tome^m«a %VEa^\i oaSiMAL ^Cd« x«x!wsi^«i 
AB,AG 
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Then the reotangile A8, 8C, sbaU be eiinal to tbe 
angle AC» C8, toyetlier witb tbe square ef €J^ 



A C 




F D 



CON8TRUCTIOW 

Upon BC describe the square CDEB ; (i. 46) 

produce ED to F ; and through A draw AF parallel to CD or BE. 
(l 31.) 

demonstration 

Then the rectangle A£ is equal to the rectangles AD, C£. 
But AE is the rectangle contained by AB, BE, of which BE is equal 
to BC, (def. 30) 

therefore AE is the rectangle contained by AB, BC ; 
and AD is contained by AC, CD, of which CD is equal to BC, 

therefore AD is contained by AC, CB ; 

and CE is the square of BC ; 

tberefore tbe rectangle A8» 8C, is equal to tbe rectangle 
ACf CBf togetber witb tbe eq:aare of BC. 

If, therefore^ a straight line be divided, &c Q. £. D. 



PROP. IV.— Theobem. 

If a straight line be divided into any two parts; 
then the square of the whole line is equal to the squares of the two parts^ 
together with twice the rectangle contained by the parts. 

(References — Prop. i. 5, 6, 29, 31, 34, 43, 46.) 

Let the straight line AB be divided into any two parts in C. 
Tben tbe sqnare of AB sball be equal to tbe squares of 
AC, CB, togetber witb twice tbe rectangle AO, CB. 
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CONSTRUCTIOfr 

Upon A6 describe the square ADEB, (i. 46) and join DB; 

tlirongh C draw CGF parallel to BE or AD, 

and through G draw HGK parallel to AB or DE. (i. 31.) 

DEMONSTBATION 

Then, because CF is parallel to AD, and BD falls upon them, 

therefore the exterior angle BGG is equal to the interior and opposite 
angle ADB ; (i. 29) 

but, because AB is equal to AD, being the sides of the square ADEB ; 
(def. 30) 

therefore, the angle ADB is equal to the angle CBG ; (i. 5) 
and the angle CGB is therefore equal to the angle CBG ; (ax. 1) 
wherefore the aide BC is equal to the side CG ; (i. 6) 

but CB is equal also to GK, and CG to BK ; (i. 34) 
therefore the figure CGKB is equilateral, (ax. 1.) 

It is likewise rectangular, 

for since CG is parallel to BK, and CB meets them, 

therefore the angles KBC, GCB, care equal to two right angled; (i. 29) 

but KBC is a right angle ; (def. 30) 
wherefore GCB is a right angle, 

and iherrfore also the opposite angles CGK, GKB, are right anglesy 

(I. 34) 
wherefore the figure CGKB is rectangular} 

but it is also equilateral, as was demonstrated, 

therefore CGKB is a square ; 

and it is upon the side CB. 

For the same reason, also, 

HF is a square, 
and it is upon the side HG, which is equal to AC ; (i. 34) 

therefore HF, CK, are the squares of AC, CB. 

And, because the complement AG is equal to the complement GE, 

(I. 43) 
and that AG is the rectangle contained bj AC, CB, since GC is equal 

to CB; (def. 30) 
I therefore also GE is equal to the rectangle AC, QIQ\ 

wherrfore AG, GE, are equal to twice the rectGUngU k.C^^^\ 

and HF, CK, are the squares of AC, CB\ 



64 



THE SCHOOL EUCLID. 



[book H. 



therefore tJte four figures HF, CK, AG, GE, are equal to the squares 
of AC, CB, together with twice tlte rectangle AC, CB ; 

bat HF, CE, AG, GE, make up the whole figaro ADEB, irhich it tbe 
square of AB ; 

tberefore tbe square of AM is eqnal to tbe squares of 
AC» C8f and twioe tbe rectangle' AO9 CB. 

■'Wherefore, if a straight line, &c Q. E. B. 

Cor. From the demonstration, it is manifest that the parallelognuns 
about the diameter of a square are likewise squares. 



PROP, v.— Theorem. 

ff a straight line he divided into two equal parts, and also into tnoo 
unequal parts ; 

then the rectangle contained hy the unequal parts, together with the square 
of the Une between the points of section, is equal to the square of half the 
line, 

(References — Prop. i. 31« 34, 36, 43, 46; u. 4, Cor.) 

Let the straight h'ne AB be diyided into two equal parts in the point 
C, and into two unequal parts at the point D. 

Then tbe rectangle AB* B8« togetber with tbe sqoAre of 
CB, sball be equal to tbe square of C8. 



B B 



B 



Z 



£ 



H 



COMSTRVCnON 



Upon CB describe the square CEFB, (i. 46) and job BE ; 
through D draw DHG parallel to CE or BF; (l 31) 
through H draw KLM parallel to CB or EF; 
and through A draw AK parallel to CL or BM. 



demonstration 



Then, because the complement CH is equal to the complement HF, 
(1.43) 
to each of these add DM ; 



f 



therefore the ichok CM is equal lo the whole DF ; 
but CM 18 eqaal to A.L, (l. 36) because AC is eqiul to CB ; (byp.) 

Atrefore also, AL is equal lo DF ; 
to each of these equuls add CH, 

therefore Ihe whole AH ii equal lo DF and CH. 

Bat AH is contained by AD, DB, since DU is eqnal to DB i 
uid DF, logelber with CH, is the gnomon CMG ; 

therefore the gnomiin CMG it equal lo the rectangle AD, DB ; (ai. 1) 
to eacb of these ei^uals add LG, vhich is equal to the square of CD, 

(u. ■», Cor.) since CD is equal to LH ; 

Oitrefore the gnoaon CMG, logellier utttA LG, is eq>uA to the reclauglt 

AD, DB. logelher wilh iJie square of CDj 

bat the gaomou CMG and LG make up the whole figure CEFB, whioh 

is the square of CB ; 

UMrefore t&e reataug-le AS, SB, togetlier wltti tbe kiomn 
or CD, la e^nal to tbe aquare of CB. 
■Wherefore, if a straight line, &o. Q. R D. 

Cor. From this proposition it is inanirest that the difTerence of tlw 
■qnares of two unequal lines AC, CD, is equal to the rcctaagle cm- 
tsined by their sum and difference. 



PROP. VL — Theoheb. 

Tfa straight line he hisected, and produced to anjf point ; 

then the rectangle contained bg Ihemhole line thus produced, and ilieparl 

W'^il produced, together with the square ofhalfihe Hne bisected, is equal Ic 

of the straight line which is made up of llie half and the part 

(Referenees— Prop, l. 31, 36, 43; u. 4, Cor.) 

Let the straight line AB he bisected in C, and produced to D. 
TlMn tlie reetBn^lo AS, SB, togwtber wltb tbe aqnare of 
I, aliall be equal to tbe ■qnoxe of CS. 






'pon CD describe the square CEFD, <i. 46) and join DE ; 
through B draw BHG parallei to CE or DF; (l 31) 
through H draw KLM parallel to AD ax I 
and tbroogb A draw AE parallel to CL o; 
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DEMONSTRATION 

Because AC is equal to CB, (hyp.) 

therefore the rectangle AL is equal to CH, (l 36) 
but CH is equal to HF; (i. 43) 

therrfore also AL is equal to HF; 
to each of these add CM ; 

there/ore the whole AM is equal to the gnowum CMG. 

But AM is the rectangle contiuned by AD, DB, since DM is equal to 
DB; (XL 4, Cor.) 

therefore the gnomon CMG is equal to the rectangle AD, DB \ 

add to each of these LG, which is equal to the square of CB ; 

tiierefore die rectangle AD, DB, together with the square of CB« is equal 
to the gnomon CMG, and the figure LG; 

but the gnomon CMG and LG make up the whole figure CEFD, which 
is the square of CD; 

tberefore tbe reetangle AB* ]>8« togretlier witb tlie aqvare 
of C8, is equal to tbe square of CB. 

Wherefore, if a straight line, &c. Q. E. D. 



PROP. VIL— Theorem. 

If a straight line be divided into any two parts ; 

then the squares of the whole Une and of one of the parts, are equal to 
twice the rectangle contained hy die whole and that part, together with the 
square of the other part, 

(B^ferences — Prop. i. 34, 43, 46 ; ii. 4. Cor.) 

I^t the straight line AB be divided into any two parts in the point C, 
Tben tbe squares of AB« BC, mbsdl \i« «<|!aaCL \a twfee 
tbe reotaayle AB« BC« togetlier ^wltti ^SbA »f)^a«% «t ba. 
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C B 
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F B 



CONSTRUCTION 

Upon AB describe the square ADEB, (i. 46) and join BD ; * 
through C draw CGF parallel to AD or BE, (l 31) 
and through G draw HGK parallel to AB or DE. 

DEMONSTRATION 

Then, because AG is equal to GE, (i. 48) 
add to each of them CK ; 

therefore the whole AK is equal to the whole CE ; 

and therefore AK, CE, are double of AK ; 

but AK, CE, are the gnomon AKF, together with the square CE, 

therefore the gnomon AKF, together with the square CK, is double of 
AK; 

but twice the rectangle AB, BC, if double of AK, for BK is eqoal to 
BC; (n. 4, Cor.) 

therefore the gnomon AKF, together mth the square CK, is equal to 
twice the rectangle AB, BC ; 

to each of these equals add HF, which is equal to the square of AC ; 

therefore the gnomon AKF, together with the squares CK, HF, is equal 
to twice the rectangle AB, BC, and the square of AC ; 

but the gnomon AKF, together with the squares CK, HF, make up 
the whole figures ADEB and CK, which are the squares of AB 
andBC; 

tberefore tbe squares of AM and BO are equal to twice 
tbe rectangle A8» BC, toffetber witli tbe square of 



AO. 



Wherefore, if a straight line, && 



Q.E.D. 



PROP. VIII.— Theorem. 

Jf a straight line be divided into any two parts ; « 

(hen /our times the rectangle confiainieii hg the wluAe liae, o?rA cnw. oj ^i^va 
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parts, together with the square of the other part, is equal to the square of 
the straight line which is made up of the whole and that part 

(References — Prop. i. 3, 31, 34, 36, 43, 46 ; n. 4, Cor.) 

Let the straight line AB be divided into any two parts in the 
point C. 

Then four tfmes tbe reotaaffle ABf BC» to^etlier wMi 
tbe square ef AC» aball be equal to fbe aqnare of 
tbe etralflit line made up of AB and BO togetber. 



A B D 



M 
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O 



E H X P 



CONSTRUCTION 

Produce AB to D, so that BD be equal to CB ; (l 3) 
upon AD describe the square AEFD ; (l 46} 
and construct; two figures such as in the preceding. 

DEMONSTRATION 

Then, because CB is equal to BD, (constr.) 

and that CB is equal to GK, and BD to KN ; (i. 34) 

therefore GE is equal to KN ; 

for the same reason, PR is equal to RO ; 

and because CB is equal to BD, and GK to KN, 

therefore the rectangle CK is equal to BN, and GR to RN ; (i. 36) 

but CK is equal to RN, because they are the complements of the 
parallelogram CO ; (l 43) 
therefore also BN is equal to GR, 

and therefore the four rectangles BN, CK, GR, RN, are equal to <me 
another f and so are quadruple qfone of them, CK. 

Again, because CB is equal to BD, 

and that BD is equal to BK, that is CG ; (i. 34) 

and because CB is equd to GK, that is GP ; 

therefore CG is equal to GP ; 

and because CG is equal to GP, and PR to R0» 

l^ rectangle kO is equal to MP, and Pla ta "BCE \ 
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but MP is equal to PL, because they are the oomplementa of the 

parallelogram ML ; (i. 43) 
and AG is equal to RF ; 

therefore thefowr rectangles AG, MP, PL, RF, are equal to one another ^ 
and to are quadruple of one of them, AG. 

And it was demonstrated that the four CK, BN, GR, and RN, are 
quadruple of CK ; 

therefore the eight rectangles which contain the gnomon AOH, are quad' 
ruple of AK. 

And because AK is the rectangle contained by AB, BC, for BK is 
equal to BC, 

iherrforefour times the rectangle AB, BC, is quadruple of AK ; 

but the gnomon AOH was demonstrated to he quadruple of AK ; 

therefore four times the rectangle AB, BC, is equal to the gnomon 
AOH; 

to each of these add XH, which is equal to the square of AC ; (n. 4, Cor.) 

therefore four times the rectangle AB, BC, together with the square of 
AC, is equal to the gnomon AOH, and die square XH ; 

but the gnomon AOH and XH make up the whole figure AEFD^ which 
is the square of AD ; 

tlierefdre fdiir ttmea tbe reetangle AB, BO, togetlier 
witb tbe square of AC, is equal to tbe square of 



tbat is, of A8 and BO added together In one atralgbt 
line. 

Wherefore, if a straight line, &c Q. £. D. 



PROP. IX.— Theobex. 

If a straight line he divided into two equal and also into two unequal 
parts; 

then the squares of the two unequal parts are together double of the 
square of half the Hne, and of the square of dte Hne between the points of 
section, 

(Reference— Prop. I. 3, 5,6, 11, 29, 81, 32, 34,47.) 

Let the straight line AB be diyided into two equal parts in the point 
C, and into onequal parts in the point D. 
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Then tbe ■giuures of AB, SB, sliall be toipetlier aouble of 
tbe squares of AC, C3>. 



E 



'K 

* 1 V 



/ G >-'i>.y 



U£. L 






A C 1> B 

CONSTRUCTION 

From the point C draw CE at right angles to AB. (l 11) 
and make it equal to AC or CB« (l 3) and join £ A, £B ; 
through D draw DF parallel to CE ; (l 31) meeting GB in F ; 
and through F draw FG parallel to AB ; and join AF. 

DEMONSTRATION 

Then, because AC is equal to CE, (constr.) 

ihe angle EAC is equal to the angle AEC ; (i. 5) 
and because the angle ACE is a right angle, 

the angles AEC, EAC, together make one right angle; (i. 32) 
and they are equal to one another ; 

therefore each of the angles AEC, EAC, is half a right angle. 

For the same reason each of the angles CEB, EBC, is half a right 
angle ; 

therefore ihe whole AEB is a right angle. 

And, because the angle GEF is half a right angles 

and EGF a right angle, for it is equal to the interior and opposite angle 

ECB, (L 29) 

the remaining angle EFG is half a right angle ; 

therefore the angle GEF is equal to the angle EFG, 

wherrfore the side EG is equal to the side GF. (l 6.) 

Again, because the angle at B is half a right angle, 

and FDB a right angle, for it is equal to the interior and opposite angle 

ECB, (L 29) 

the remaining angle BFD is half a right angle ; 

therefore the angle at B is equal to the angle BFD, 

wherrfore the side DF is equal to the side DB. (i. 6.) 

And becMttse AC is equal to CE, 
tbe square of AC is equal to the square cfi CEi, 
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thertfore the squares of AC, C£, are double of the squares of AC ; 

but because ACE is a right angle 

the square of £A is equal to the squares of AC, CE, (l 47) 

therefore the square q/'EA is double of the square of AC 

Again, because EG is equal to GF, 

the square of EG is equal to the square of GF, 

therefore the squares o/*£G, GF, are double of the square of GF 
but the square of £F is equal to the squares of EG, GF ; (l 47) 

therefore the square of EF is double of the square o/* GF ; 
and GF is equal to CD ; (l 34) 

therefore the square ofEFis douMe of the square of CD ; 
but the square of E A is likewise double of the square of AC ; 

therefore the squares ofEtk, EF, are double of the squares of KC, CD. 

And because AEF is a right angle, 
the square of AF is equal to the squares of AE, EF, (l 47) 

therefore the square of kY is double of the squares of AC, CD ; 

but the squares of AD, DF, are equal to the squares of AF, because 
ADF is a right angle, (i. 47) 

therefore the squares of AD, DF, are double of the squares of AC, 
CD; 
and DF is equal to DB ; 

tberefore the squares of A3>, BB, are double of the 
squares of AC* CB. 

Therefore if a straight line, &c. Q. K D. 



PROP. X.— Theorem. 



If a straight line be bisected^ and produced to any point ; 

then the square of the whole line thus produced, and the square of the 
part of it produced, are together double of the square of half the line 
bisected, and of the square of the line made up of the half and the part 
produced, 

(References— Prop. i. 5, 6, 11, 15, 29, 31, 32, 34, 46 Cor. 47.) 

Let the straight line AB be bisected in C, and produced to the 
point D. 

Then the squares of AB, B8, shall be donhle of tbA 
mqaturem of AC, CB> 
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CONSTRUCTION 

From the point C draw CE at right angles to AB ; (i. 11) 
make it eqoal to AC or CB, (i. 3) and join AE, EB ; 
through E draw EF parallel to AB, (i. 31) 
and through D draw DF parallel to CE. 
Then because the straight line EF meets the parallels EC, FD, 
the angles CEF, EFD, are equal to two right angles ; (i. 29) 

Ihertfore the angles BEF, EFD, are less than two right angles ; 

but ' striught lines which with another straight line make the interior 
angles upon the same side less than two right angles, do meet if pro- 
duced far enough ;* (ax. 12) 

therefore EB, FD, wiU meet, if produced towards B and D ; 

let them meet in G, and join AG. 

DEMONSTRATION , 

Then, because AC is equal to CE, 

die angle CE A if equal to the angle £ AC ; (i. 5) 
and the angle ACE is a right angle, 

therefore each of the angles CEA, EAC, is half a right angle, (l SI) 

For the same reason each of the angles CEB, EBC, is half a ri^ 
angle; 

therefore the whole AEB is a right angle. 

And because EBC is half a right angle, the angle DBG which is Te^ 

tically opposite is also half a right angle, (i. 15) 
but BDG is a right angle, because it is equal to the alternate angle 

DCE}(i. 29) 

therefore the remaining angle DGB is half a right angle, and is thoe* 
fore equal to the angle DBG ; 

wherefore also the side BD is equal to the side DG. (i. 6.) 

Again, because EGF is half a right angle, 

and that the angle at F is a right angle, because it is equal to the oppo- 
site angle ECD, (i. 34) 
the angle FEG is half a right angU, 
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and therefore equal to the angle EGF; 

wherefore also the side GF is equal to the side F£. 

And because EC is equal to CA, 

the square of EC is equal to the square of CA j 

therrfore the squares o/'EC, CA, are double of the square ofCA; 

but the square of £A is equal to the squares of EC, CA ; (i. 47) 

therefore the square of E A is double of the square of AC. 

Again, because GF is equal to EF, 

the square of GF is equal to the square of EF ; 

and therefore the squares of GF, FE, are double of the square ofEF; 
but the square of EG is equal to the squares of GF, EF; (i. 47) 

therefore the square ofEQ is double of the square q/'EF; 
and EF is equal to CD ; (i. 34) 

wherefore the square of EG is double of the square of CD ; 

Bat it was demonstrated that the square of EA is double of the square 
of AC; 

therefore the squares o/* AE, EG, are double of the squares of AC, CD; 
but the square of AG is equal to the squares of AE, EG ; (i. 47) 

iherefore the square of AG is double of the squares of AC, CD ; 
but the square of AG is also equal to the squares of AD, DG ; (i. 47 > 

therefore the squares o/ AD, DG, are double to the squares of AC, CD; 

but DG is equal to DB ; 

therefore the sqnares of JLD, BB, are double of the 
■qnaree of AC* CB. 

Wherefore, if a straight line, &c. Q. E. D. 



PROP. XL— Problem. 

To divide a given straight line into two parts, so that the rectangle con^ 
tained by the whole and one of the parts shall be equal to the square of the 
other part, 

(References — Prop, l 3, 10, 46, 47 ; IL 6.) 

Let AB be the given straight line. 

It is required to divide AB into two parla^ bo ^"a.\. ^^ x^^dvaa^s;^^ 

s 
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contained by the whole and one of the parts ishall be eqnal to the sqaare 
of the other part 



G 



s 




H I 




i----...,{ 



D 



A 
E 





CONSTBUOnON 

Upon AB describe the square ABDC ; (i. 46) 
bisect AC in £, (i. 10) and join BE ; 
produce CA to F, and make £F eqnal to EB ; (i. 3) 
and upon AF describe the sqoare FGHA. (i. 46.) 

Then ILB oliall be divided In B» so tlutt tlie reetanglo ABi 
8Bf Is equal to tlie square of AB. 

Produce GH to K. 

DEMONSTRATION 

Then, because the straight line AC is bisected in E, and produced to 
the point F, 

the rectangle CF, FA, together with the square of AE, i> equal to the 
square q/*EF; (iL 6) 

but EF is equal to EB ; 

therefore the rectangle CF, FA, together wiA the square of AE, w eqmd 
to the square q/'EB ; 

and the squares of B A, AE, are equal to the square of EB, (l 47) 
because the angle EAB is a right angle ; 

therefore the rectangle CF, FA, together with die square of AE, is eqml 
to the squares of B A, AE ; 

take a^ray the square of AE, "which is common to both \ 

therefore the remaining rectangle CF, FA, is equal to the square ofAB* 

But the figure FK is the rectapgle contained by CF, FA, since AF is 

equal to FG ; (def. 30) 
and AD is the square of AB ; 

therefore the figure FK is equal to AD ; 

take away the common part AK, 

cmdthe remainder FH is eq^oX to the remainder "SSi 



bat UD is the rcclanglc contained by AB, RU, for AB is equal to BD ; 
and FH is the aqnare of AH ; 

tberefnre tbe rectanKle 1A.B1 SH. Is equal to t&e sqiiBre of 
AB. 

Wherefore the straight line AB la divided in H, so that the rectangle 
AB, BH, ii e^nal to the square of AH. Q. E. F. 



m fron either of 



PROP. XIL— Theorem. 

In oifate-angled triangles, if a perpeadicTilar be c 
th» acate angles to iht opposite aide produced; 

then the square of the side subtending the obtau angle is greater (/(an the 
squares 0/ the sides containing the obtuse angle, by twice the rectangle con- 
tained by the side upon which, telien produced, the perpendicular Jails, and 
the etraiyht line intercepted laiOiout ilte triangle between the perpendicvlar 
and the lAtuse angle. 

(Referenoes — Prop. 1. 47; n. 4.) 

Let ABC 'bean obtuse-angle triangle, having the obtuse angle ACB; 
and from the point A let AD be drawa perpendicular (D BC produced, 
(r. lao 

Tben tlie square of AB i&all be greater tban t&e aqiiarea 
of AC, CBi I37 twice tbe Tectansle BC. CD. 




I fieeanse the straight line BD is dirided into tva parts in the point C, 

tkegqaareofU'D is tgaal to the squares o/BC, CO, and twice the rect- 
I angle BC, CD 1 (u. 4) 

to each of these equals add the square of DA; 

tJien tlie squares of BD, DA, ate equal to the squares of BC, CD.DA, 
and tujice the rectangles BC, CD ; 
but the Bqmire of BA is equal to the Equate* ot BI),'Dti.Ai- Wi^iecasiM 
the angle at D is a right angle i 
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and the square of CA is equal to the squares of CD, DA ; (i, 47) 

therefore the sqtiare ofBXis equal to the squares of BC, CA, cuid twice 
the rectangle BC,CT>i 

tbBt ISy the Minare of BA is greater tttan tbe aqnares of 
8Cp CA, by twice tbe reotanffle BC* CB. 

Wherefore, in obtuse-angled triangles, &c« Q. £. D. 



PROP. XIIL— Theorem. 

In every triangle, the square of the side subtending either of the acute 
angles, is less than the squares of the sides containing thai angle, by twice 
the rectangle contained by either of those sides, and the straight Une inter- 
cepted between the perpendicular let faU upon it from the opposite angkf 
and the acute angle, 

(References — Prop, i, 16,47; n. 3, 7, 12.) 

Let ABC be any triangle, and the angle at B one of its acate angles; 
and upon BC, one of the sides containing it, let fall the perpendienlar 
AD from the opposite angle, (l 12.) 

Tben tbe square of AC opposite to tbe angle 8« wltaSk be 
less tban the squares of CB« BA* by twice the rectangle 



DEMONSTRATION 

First, Let AD fell within the triangle ABC. 

Then, because the straight line CB is divided into two parts in the 
point D, 

the squares of CB, BD, are equal to twice the rectangle contained bjf 
CB, BD, and the square of DC ; (n. 7) 

to each of these equals add the square of AD ; 

ekere/ore the squares of CB, BD, DA, are equa? to twice the rectangle 
CB, BD, and the squares of AD, DC •, 
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but the sqdire of AB is equal to the squares of BD, DA, (l 47) because 

the angle BD A is a right augle ; 
and the square of AC is equal to the squares of AD, DC ; 

ihenfore tie squares of CB, BA, are equal to the square of AC, and 
twice the rectangle CB, BD ; 

that ISff Uia square of AC alone la leaa ttiaa tlie aqioaiaa 
of CBf'SAf by twioe Oie rectangle CBt SB. 



Secondly, Let AD fiill without the triangle ABC 




Then, because the angle at D is a right ang^e, 
the angle ACB is greater than a right angle ; (l 16) 

and therefore the square of AB is equal to the squares qf AC, CB, and 
twice t/te rectangle BC, CD; (n. 12) 

to each of these equals add the square of BC, 

dien the squares of AB, BC, are equal to the square of AC, and twice 
die square of BC, and twice the rectangle BC, CD ; 

but because BD is divided into two parts in C, 

Ifte rectangle DB, BC, is equal to the rectangle BC, CD, and the square 
of BCi (n. 3) 

and the doubles of these are equal ; 
that is, twice the rectangle DB, BC, is equal to twice the rectangle 
BC, CD, and twice the square of BC; 

therefore die squares of AB, BC, are equal to the square of AC, and 
twice die rectangle DB, BC; 

wlierefbre tlie square of AC alone la less tban tbe squares 
of A8, BC, by twtee tbe rectangle BB, BC. 

Las^, let the side AC be perpendicular to BC. 
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DEMONSTRATION 

Then BC is the straight ,line between the perpendicular and the acute 

angle at B ; 
and it is manifest that the squares of AB, BC, are equal to the sqntre 

of AC, and twice the square of BC. 
Therefore, in eyery triangle, &c Q. IL D. 



PROP. XIV.— Problem. , 

To describe a square that shaU be equal to a given rectilineal figure. 

(References — Prop. i. 3, 10, 45, 47; n. 5.) 

Let A be the given rectilineal figure. 

It is required to describe a square that shall be equal to A. 





CONSTRUCTION 

Describe the rectangular parallelogram BCDE equal to the rectilineal 

figure A. (i. 45.) 
If, then, the sides of it, BE, ED, are equal to one another, it is a square, 

and what was required is now done. 
But if they are not equal, produce one of them, BE to F, and make £F 

equal to ED ; 
bisect BF in G, (l 10) and firom the centre G, at the distance GB, 

or GF, describe the semicircle BHF, 
produce DE to meet the circumference in H. 

Tben tba square described npon WM aliall be equal to the 
riven rectilineal flffore A. 

JoinGH. 

DEMONSTRATION 

Because the straight line BF is dhided Vulo \:wo «^<dX \AxtB in the poiot 
G, and into two unequal parts m l^^ 
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the rectangle BE, EF, together with the square of EG, is equal to the 
square of GF; (n. 5) 
I9at OF is eqaal to GH ; (def. 15) 

iher^ore the rectangle BE, EF, together with the square of "EG, is equal 
to the square of GH ; 

bat the squares of HE, EG, are equal to the square of GH ; (l 47) 

therefore the rectangle BE, EF, together with the sqitare of EG, is equal 
to the squares of HE, EG ; 

take away the square of EG, which is common to both, 

and the remaining rectangle BE, EF, is equal to the square of EH. 

But the rectangle contained by BE, EF, is the parallelogram BD, 
because EF is equal to ED ; 

therefore BD is equal to the square ofER 

bat BD is equal to the rectilineal figure A ; 

tlierefiire tlia reettlineal flsure A Is equal to tlie square 
of BS. 

Wherefore a square has been made equal to the giyen rectilineal figure 
A — viz., the square described upon EH. Q. E. F. 
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DEFINITIONS. 

L 
Equal circles are those of which the diameters are equal, or from the 
centres of which the straight lines to the circumference are eouaL 



II. 

A straight line is said to toach a circle when 
• it meets the circle, and being produced does not 
cut it 



III. 

Circles are said to touch each other which meet, but do not cut each 
other. 

IV. 

Straight lines are said to be equally distant from the 
centre of a circle, when the perpendiculars drawn to 
them from the centre are equal 

V. 

And the straight line on which the greater perpendicular faHa, is said 
to be farther from the centre. 



VL 

A segment of a circle is a figure contained by a 
straight line, and tiie cixcuToietftTiftft -^Xj^^Sx ^nsSa ^iSS^ 
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The angle of a segment is that "which is contained by the straight line 
and the circumference. 



VIIL 

An angle in a segment is the angle contained by 
two straight lines drawn from any point in the circom- 
ference of the segment, to the extremities of the straight 
line which is the base of the segment 




IX. 

An angle is said to insist or stand upon the circumference intercepted 
between the straight lines that contain the angle* 



X. 

A sector of a circle is the figare contained by two 
straight lines drawn from the centre, and the circom- 
* ference between them. 




XI. 

Similar segments of circles are those 
in which the angles are equal, or which 
contain equal angles. 




^ 
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PROP. I.— Pboblbm. 

To find the centre of a gwen eirek. 

(References— Prop. L 8, 10, 11.) 

Let ABC he the given circle. 
It is reqaired to find its centre. 

C 





.« 


^4 


^rv 


'CI 


D/ 



E 



CONSTRUCTION 



Draw within the circle any straight line AB, and bisect AB in D ; 

(1. 10) 
from the point D draw DO at right angles to AB (l 11), prodnoe it to 

E, and bisect 0£ in F. 

Then Uia point F sliall be tbe centre of tlie olrdle A8C. 

DEMONSTRATION 

For, if it be not, let, if possible, G be the centre, and join GA, 6B) 

GB. 
Then, because DA is equal to DB, (constr.) and DG commcm to the 

two triangles ADG, BDG, 
the two sides AD, DG, are equal to the two BD, DG, each to each ; 
and the base GA is assumed to be equal to the base GB, (i. de£ 15) 

because they are drawn from the centre G ; 

there/ore the angle ADG must be equal to the angle GDB ; (i. 8) 

but ' when a straight line standing upon another straight line makes the 
adjacent angles equal to one another, each of the angles is a right 
angle;' (i. def. 10) 

therefore the angle GDB must he a right angle; 
but FDB is a right angle; (constr.) 

wherefore the angle FDB must he equal to the angle GDB, 
the greater to the less, which is impossible ; 

^lerefore G is not the centre of the circle ABO. 

In the same manner it can be shown, tidal no ciI^^^t '^vdl\.\sq1 F is the 
centre ; 



therefore T ts Ute oeotre or t&e olrolo ABO, 

which was lo be fonnd. 

Cor. — From this it is manifest, thai if in a circle a Etniigbt line bisect 

. another at right BDgles, the centre of the circle ia in the line iihtch 

bisects the other. 



PROP. IL— Theorem. 

If ang too points bt taken in i3k circumference of a circle, tie sti 
line tcMchjoini them shall fall ufilhin the circle. 

(Befetencea — Prop. i. 5, 10, 19 ; m. 1.) 

Let ABC be a circle, and A, B, any two points in the circumference. 

Tben tbe BtxBlght line drown from A to B iball fdkU 

wltblu the oircle. 




Find D the centre of the circle ABC. {m. 1) and join AD, I 

the circumrcrence AB take anj point F ; 
join DF, and let it cat the straight line AB in E. 



Because DA is equal to DB, (i. def. 19) 

l}tt angle DAB is equal to the angle DBA ; (I. 5) 
and becanac AE, a side of the Iriangte DAE, is pToduced to B, 

the exterior angle DEB is greater than the interior and opposite angle 
DAE; (I. 16) 
but the angle DAE was proved to be equal lo tbe angle DBE ; 

therefore the angle DEB is aJso greater than Uie angle DBE ; 
but to the greater angle the greater side is opposite ; (t 19> 

ther^ore DB u greater than DE ; 
batDBiaeqaal loDF; (i. def. IS) 
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therefore DF is greater than DE, 
wherefore the point £ lies within the circle. 

In the same manner it may be proved that eyery point in AB lies 
within the circle ; 

tberefbre tbe stralffbt line AB lies wlflilii Uia eirole. 

Wherefore, if any two points, &c. Q. E. D. 



PROP. IIL—Theobem. 

If a straight line drawn through the centre of a cirde bisect a straight 
line in it which- does not pass through the centre, it shall cut it at ri^ 
angles ; and conversely, if it cut it at right angles, it shall bisect it, 

(References — Prop. i. 5, 8, 26 ; m. 1.) 

liCt ABC be a circle, and let CD, a straight line drawn through th^ 
centre, bisect any straight line AB, which does not pass through the 
centre, in the point F. 

Then CB sliall oat AB at rlgbt uglee. 






CONSTRUCTION 

Take E the centre of the circle (in. 1), and join £A, EB. 

DEMONSTRATION 

Then, because AF is equal to FB (hyp.), and FE common to the two 

triangles AFE, BFE, 
there are two sides in the one equal to two sides in the other, each to 

each ; 
and the base EA is equal to the base EB ; (i. def. 15) 

therefore the angle AFE is equal to the angle BFE ; (i. 8) 
but *when a straight line standing upon another straight line makes die 
adjacent angles equal to one onolYieT, e«.Oa. oi^ HSoi^m. ia « ri^ht angle*/ 
(I. def. 10) 



Iher^ore each of the angles AFE, BFE, is o n'jAl angle ; 
wberefore tlie ■tralgbt line CD, drawn tbronsli the centre, 

blBentliig' anotber AB t&at does not pass tbroug'tl the 

eentre, oata tbe Banui at right anslei. 

But let CD cut AB at right oagles. 
Then CD shall also hlaect It, that ta. AT shall he eqnal 
toFB. 

The solas conBtmction being made ; 

becnnse EA, EB, from the centre are equal to one another, 

the angle EAF w equai to Me angte EBF j (i. 5) 
and the right angle AFE is eqaal to the right angle BFE ; (l def. 

10) 
hence, in the two triimgles EAF, EBF, 
there are two angles in the one eqoal to two angles in the other, each 

and the side EF, which is opposite to one of the eqnal angles in each, is 

commoii to holli-, 

therefore the other sides are equal i (l. S6) 

tbereftirB AT Is eqnal to rs. 
Wleretore, if a straight line, &c. Q. E. D, 



PROP. IV.— Theorem. 



rf in a circle tm 
through the centre, li 



(Eeferences — Prop. ui. 1, 3.) 

Let ABCD be a circle, and AC, BD, two straight lines in it which 

cut oue another in the point £, and do not both pass throogh the 

Then AC, BD, shall not bisect one another. 



For, if it be possible, let AE be equBl to EC, and BE lo ED. 

If one of the lines pass llirough the centre, it is plain that it cannot be 

bisected by the other which does not pass throagh the centre; 
but if neither of them pass through the centre, 
(aieF lie centre of the circle, (in, I) auijomBS. 
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DEMOMSTRATIOV 

Because FE» s ftniglit line througfa the centre, is astomed to bisect 
another AC which does not pass through the eentre^ 
therefore it most cat it at right angles; (m. 3) 

wherefore FEA must be a right angle. 

Again, because the straight line FE is assumed to bisect the straig^ 
line BD which does not pass through the centre, 
therefore it must cut it at right angles ; (in. 8) 

wherrfore FEB must be a right angle ; 
but FEA was shown to be a right angl 

therefore FEA must be equal to the angle FEB, 
the less to the greater, which is impossible; 

tberefore AC, BB, do not biaeot one snotlier* 
Wherefore, if in a circle, &c Q. E. D. 



PROP. V.—Thsobex. 

If two cireles cut one another, they shaU not have the eame centre. 

(Beferences — i. de£ 15.) 

Let the two circles ABC, CDG, cut one another in the points B, C. 
Then tbej aliall not bawe Uia same oentre. 

C 




CON tflTKOCTlCnf 



For, if it he possible, let E be theix ceii\.t«\ ^omlLC, and drswanj 
etnugbt line EFO meeting them m ¥ asi^ O. 
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DEMONSTRATION 

And because E is assumed to be the centre of the circle ABC, 

EC nttut he equal ft> EF ; (i. def. 15) 
again, becaose E is assumed to be the centre of the circle CDG, 

EC mutt be equal to EG ; 
bat EC was shown to be equal to EF $ 

.therefore EF must be equal to EG ; 
the less to the greater, which is Impossible ; 

tlierelbre a Is not tbe oentre of tlie elroies ABO, CBa. 
'Wherefore, if two circles, &c. Q. E. D. 



PROP. VI.— Theorem. 

If one circle touch another interndOy, they shaQ not have the same 
centre, 

(References — i. def. 15.) 

Let the circle CDE, tonch the circles ABC internally in the 
point C. 
Then tliey aliall not bave tlie same oentre. 




construction 

For, if they can, let the centre be F ; join. FC, and draw any straight 
line FEB meeting them in E and B. 

DEMONSTRATION 

Because F is assumed to be the centre of the circle ABC, 
therefore CF must be equal to FB ; (i. def. 15) 

also, because F is assumed to be the centre of the circle CDE, 

therefore CF must be equal to FE; 

hat CF was shown to be equal to FB 
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ihertfore FE must be equal to FB ; (ax. I.) 
the less to the greater, which is impossible ; 
wberefbre F Is not tbe oentre of Uia otrelMi 

Therefore, if two circles, &c. 



Off cnHL 

Q.E.D. 



PROP. VII.— Theobkil 



If any point be te^en in the diameter of a etrehf which ie not h 
centre ; 

then of aUthe straight lines which can be drawn from it to the eiretm- 
ference, the greatest is ^t in which the centre is, and Ae other partcf 
that diameter is the least; and, of any others, that which is nearer to At 
line which passes through the centre is always greater than one more remote i 
and from the same point there can be drawn only two straight lines to At 
circumference that are equal to each other, one tqHm each side of ^ shortest 
line. * 

(Beferences— Prop. i. 4, 20, 23, 24.) 

Let ABCD be a circle, and AD its diameter, in which let any pomt 
F be taken which is not the centre ; let the centre be K 

Tben of all tbe stralffbt lines FB« rc* rOp A««v tbat oaa 
be drawn ttoaoL T to tbe oiroumltorenoe, FA wbioli passes 
tbrooffb tbe oentre* sball bo tbe greatest i 

and FD, tbe otber part of tbe diameter AD» sball be tbe 
least I 

and of tbe otbers* FB« tbe nearer to VIL, sball be 
tban FC, tbe more remote i and FC greater tban 



h 



m 




CONSTRUCTION 



Join BE, CE, GE. 
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Becaose two eides of a triangle are greater than the third, 

therefore BE, EF, are greater than BFj (j. 20) 
bat AE ia eqnal lo EG i (l def. 15) 

therefare AE, EF, that ia AF, is greater than BF. 

Again, in the trianglea BEF, CEF, 
because BE is equal lo CE, and EF common lo both, 
the tiro aides JtE, EF, are equal lo the two CE, EF, each to each ; 
but the angle BEF is greater than the angle CEF ; (ai. 9) 
therefore the base BF is greater Chan Ihe base CF; (i. 24) 
ibr the aame reason, CF is greater thau GF. 

Again, because GF, FE,are greater than EG, (l SO) and EG ie equal 

to ED; 

therefore GP, FE, ore greater tiian ED; 
take away the commou part FE, 

and the Temainder GF is greater than the remainder FD ; (ai. 5) 

tbereftjrfl FA !■ ttie Ervsteat of Bll tba itralgbt llnea tema 
W to the clrcmnfercnGe, 

ana I'D 1b tlie least t 

sua Bl* !■ greater tban cr, and CF tban OF. 

Also (here can be drawn only two eqnal Etniiglit lines from the polnl 
F to the circumference, one upon each side of the ahorlKst line FD. 



At the point E, in the straight line EF, make the angle FEH ei^nal ti 
the tmgte GEF, (i. 23) and join FH. 



Then in the triangles GEF, HEF, 

because GE is equal to EH, (l def. 15) and EF common to both, 
the two sides GE, EF, are eqnal to the two HE, EF, each to each ; 
anil the angle GEF ia eqnal to the angle HEF ; (cocstr.) 

therefore the base FG is equal to the base FH ; (t. 4) 
but besides FH. no Btraight line can be drawn from F to the circnm- 

ference equal to FG ; 
for, if there can, let it be FK ; 
and because FK is assumed to be equal to FG, and FG is ei^nal to FH, 

Hhirefire FK bum/ &e equal to FH ; (a*, l^) 
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that is, a line nearer to that which panes through the centre, ia equal 

to one which is more remote; 
which has heen proyed to be impossible. 
Therefore, if any point be taken, &c Q. E. D. 



PROP. VIIL— Theorem. 

Jf any point he taken without a circle, and straight Unet be draumfim 
it to the circumference, whereof one passes through die centre ; 

Aen of those which faU upon the concave circumference, the greatest ii 
that which passes through the centre ; and of the rest, that which is nearer 
to the one passing through the centre, is always greater than one man 
remote; but of those which fall upon the convex circumference, the least ii 
that between the point without the circle and the diameter ; and of ^ red 
that which is nearer to Ute least is always less than one more remote ; ad 
only two equal straight lines can be drawn from the same point A» lie 
circumference, one upon each side of the line v^lUch passes through At 
centre, 

(References — Prop, l 4, 20, 21, 23, 24 ; m. 1.) 

Let ABC be a circle, and D any point without it, firom whtdh let tiie 
Btraight lines DA, DE, DF, DC, be drawn to the circamfiereDee 
whereof DA passes throngh the centre. 

Tlieiif of tboae wbleb fldl npoB tbe eonemwe part «r tta 
drcamDDrenee ABVC, AD whleli passes tlironsli tbe 
centre sball be tbe sreatesti and tbe nearer to it li 
always greater tban tbe more remotey vts., sa tbss 
Br, and BF tban BC. 

but of tbose wbieb fUl upon tbe convex ctrenm i iBr ea ee 
B&XO, tbe least sball be BO between tbe point B ant 
tbe Olameter AOi and tbe nearer to it is always lesi 
tban tbe more remote, ▼!>■, BX tban B&, and B& tbaa 




c I) Etnd join MB, MF, MC, 



Aod because AM is eqoal to EM, 
add MD (o escb, 

thert/ore AD is iqual lo EM, MD ; (ax. B) 
but EM, MD, are greater than ED ; (i. 20) 

therefore also AD ia grmler lliaa ED. 

Again, in the triangles EMD, FMD, 

beoause ME is equal to MF, and MD commo)) lo both, 

EM, MD, are equal to FM, MD, each to each. ' 

but ibe angle EMD is greater than the angle FMD ; (ax. 9} 
therefore lite base ED is grealer tlmn the base FD. (L 24.) 

In like manner it may be shown that FD is greater than CD ; 
Uierefore DA, Is tlie EToatest Iln«, 
anil SB la sroter than DF, and SF ttuua DC 

And because MK, KD,are greater than MD, (i. SO) 
and MK is equal to MG, (t, def. 15) 

the remainder KD ia greater than the remainder GD ; (ax. 5) 

that M, GD is lots than KD ; 
and because MK, DK, are drawn to the point K wiihrn the triangle 

MLD, from M,D, the extremities of its side MD, 

therefore MK, KD are less than ML, LD i (l 21) 
boe MK ia eqaal to MLi (r. def. 15) 

Ihertfore the renuiifu/er DK ia less Ihaa the reniainder DL. (ax. 5. 
In like manner it may be Ehixrn that DL is less than DH ; 

tbererore SO la tbe leaat, And SX leaa tluui SK. and 
S& tban DH. 

Also, there can be drawn only two equal straight lines from the point 
D to tbe circumi^rence, one upon each side of the line through the 



At the point M, in the stnigbt line MD, moke tbe eogle DMB eqoal to 
tbe angle DMK, (i. 33>aud join DB. 



Then, in tbe triangles KMD, BMD, 
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because MK is equal to MB, and Ml) common to both» 

the two sides KM, MD, are equal to the two BM, MD, each to each ; 

and the angle KMD is equal to the angle BMD; (constr.) 

therefore the bcue DK is equal to the base DB ; (i. 4} 

but besides DB there can be no straight line drawn firom D to the cir- 
cumference equal to DK. 

For, if there can, let it be DN; 

and because DK is assumed to be equal to DN, and DK has been shown 
to be equal to DB, 

therefore DB must he equal to DN, 

that is, a line nearer to the least is equal to one more remote, 

which has been proved to be impossible. 
I^ therefore, any point,'&c Q. E. D. 



PROP. IX.— Theobem. 

If a point be taken within a circUffrom whicfi there can he drawn more 
^€m two equal straight lines to the cireumfsrenee; then that point is the 
centre oftlie circle, 

(References— in. 7.) 

Let the point D be taken within the circle ABC, from which to the 
circumference there can be drawn more than two equal straight lines, 
yiz. DA, DB, DC. 

Tben the point D shall be the centre of the olreie. 




CONSTRUCTION 

For, if not, let E be the centre ; join DE, and produce it to the circum- 
ference in FG. 

DEMONSTRATION 

Then F6 is a diameter of the circle ABC ; (i. def 17) 
and because in FG, the diameter of the circle ABC, there is taken the 
point D, not the centre, 

therefore DG must be the greatest line from the point "D to the circunh 
Jerenee, and DC greater than DB, and !>"& thanli K% ^jn* T> 



PBOP. Z.] THE SCHOOL EUGLm. 93 

but these lines are likewise equal, (hyp.) which is impossible. 

therefore E is not the centre of the circle ABC. 

In like manner it may be demonstrated that no other point but D is the 
centre ; 

therefore D is the centre of the circle ABC. 

Wherefore, if a point be taken, &c. Q. R D. 



PROP. X.— Theobem. 

One circumference of a circle cannot cut another in more 0uin two 
paints, 

(References — ^in. 3, 5, 9.) 

Let the two circles ABC, DBF, intersect one another. 

Tben their dremnforences cannot cat each other In more 
tlian two points. 




CONSTRUCTION 

If it be possible, let the circumference FAB cut the circumference DEF 

in more than two points, viz. in B, G, F ; 
take the centre K of the circle ABC, (m. 3) and join KB, KG, KF. 

DEMONSTRATION 

And because within the circle DEF there is taken the point K, from 
which to the circumference DEF fall more than two equal straight 
lines KB, KG. KF, 

the point K must be the centre of the circle DEF, (in. 9) 

but K is also the centre of the circle ABC ; 

therefore the point K must be the centre of two circles that cut one 
another, 

which is impossible, (m. 5.) 

Therefbre one drcnmference of a tlxcilA «aaOEn!^ crast «& 
other in more than two pointa. ^.^A^< 
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PROP. XL— Theobbm. 

Ifont circle touch another internally in any pointy the straight Une whiA 
joins their centres^ being produced, shaU pass through that point, 

(References — Prop. i. 20.) 

Let the circle ADE touch the circle ABC internally in the point A 

Tben the stralflrlit line wliloli Joins tbelr oentreSf beliir 
prodncedf i^lwll pass tbrouffli tbe point of oontaot jBu 




CONSTRUCTION 

For, if not. let it fall otherwise, if possihle, as F6DB ; let F be 
the centre of the circle ABC, and G the centre of ABE. Join AF 
and AG. 

demonstration 
Because two sides of a triangle are together greater tha^ the third side^ 
therefore AG, GF, are greater than F A ; (l 20) 

hut FA is assumed to he equal to FB, (l def. 15) hoth heing firom tbe 
same centre ; 

therefore AG, GF, must be greater than FB 
take away the common part FG ; 

then the remainder AG must be greater than the remainder 6B ; 
hut AG is assumed to he equal to GD ; (l det 15} 

therefore GD must be greater than GB, 

the less than the greater, which is impossible ; 

therefore the straight line which joins the centres, being produced, cafonat 
fail otherwise than upon the point A. 

tbat is, It mnit pass tbrongli tbe point of oontaot of tba 
two circles. 

Therefore, if two circles, &c. Q. E. D. 






PROP. XII.— Theorem. 

If too eirela lovch each other exiernallg, the atraighl hue ichkh join* 
rteiV cenlrei ihaR past through the point of contact. 

(RefereooeB— Prop. i. EO.) 

Let the tuo circle* ABC, ADE, touch each olber externally id the 
point A. t 

TbeD tbe atralEbt Ilae wbtob Joins tbelr centreB, aball 
paaa tbronKli tbe point at ooatact A, 




Then, because F is aisamed to be the centre of the circle ABC, 

therefore AF must be equal to FC i 
also, because G is assumed to be the ceutre of the circle ADE 
therefore AG mutl be flijuoi to GD ; 
and therefore FA, AG, mnat be equal to PC, DG ; 
vherefore the wAofe FG muat be greater than FA, AGi 
bat FG is also less than FA, AG ; (i. 20) i*hirh is impossible. 

therefore the straight line which joins the centres of the drctes, shaS nn 

pass othertviae than through A ; 
ttiHt te. It must paBB tbrongb tbe point of contaot of tbi 
two olrclea. 
Therefore, if two circles, &c. Q. E. D. 



PROP. XIIL— Theohem. 
t (oucA another in more pmnta than o 



touches it in the insiile or th 

(Beferences — Prop. 1. 10, 11 1 



J 
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Fir»t Let the circle £BF touch the circle ABC internally in the 
point B. 
Tben BBV oaiinot toiuAi ABC In any other point. 








coNsmucnoN 

If it be possible, let £BF touch ABC Id another point I> ; 
join BD, and draw 6H bisecting BD at right angles, (i. 10.) 

DEMONSTRATION 

Because the points B, D, are assumed to be in the circumference of 
each of the circles, 

the straight line BD must fall within each of the circles EBF, ABC; 
(m. 2) 

and their centres are in the straight lineGH, which bisects BD at right 
angles ; (ui. 1, Cor.) 

therefore GH must pass tJtrough tfie point of contact; (in. 11) 

but GH does not pass through the point of contact, because the points 
B, D, are without the straight line GH ; which is absurd ; 

therefbre tbe oir61e BBF cannot tonob the olrOto AMD oa 
the Inside In more points than one. 

Secondly. Let the circle ACK touch the circle ABC externally in 
the point A. 

Then AGt^ cannot tonch AMC in any other point. 




CONSTRUCTION 

// it be possible, let ACK. toucYi ABC Vn asio\\v«t '^wA. ^, "S^Yti fcS^ 
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DEMONSTRATION. 

ecaose the points A, C, are assumed to be in the circomference 
t circle ACK, 

'aight line AC must fall within the circle AOK; (iii. 2) 

circle ACK is without the circle ABC ; (hyp.) 

ore the straight line AC must be without the circle ABC ; 

anse the points A, C, are assumed to be in the circumference of 

rcle ABC, 

'oight line AC must be within the circle ; (hl 2) 

i absurd ; 

9fore tbe circle A.C18L cannot toncli the circle JLBC 
tbe outside In more tlian one point. 

las been shown that one circle cannot touch another on the inside 

ire points than one. 

ore one circle, &c. Q. £. D. 



PROP. XIV.— Theorem. 

I straight lines in a circle are equally distant from the centre ; and 
ly, those which are equally distant from the centre, are equal to 
'her. 

(References — Prop. i. 12, 47 ; lu. 1, 3, de£ 4.) 
he stnught lines AB, CD, in the circle A6DC, be equal to one 

B tliey- ehall be equally distant flrom tbe centre. 

CONSTRUCTION 

; the centre of the circle ABDC, (m. 1) 

m it draw £F, EG, perpendiculars to AB, CD, (i. 12) and join 

EC. 

DEMONSTRATION 

>ecause the straight line EF passing through the centre, cuts the 
rht line AB, which does not pass through the centre, at right 
s, it also bisects it ; (iii. 3) 

^ore AF is equal to FB, and AB double of AF; 

same reason 

s double ofCGi 

; is equal to CD ; (hyp.) 

^ore AF is equal to CG. (ax. 7.) 
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Aod because AE is equal to EC, (i. def. 15) 
the aqucare of AE is equal to the square of EC ; 

but the squares of AF, F£, are equal to the square of AE, beeanse the 

angle AFE is a right angle ; (x. 47) 
and for the same reason, the squares of EG, 6C, are equal to thesqnare 

of EC ; 

therefore the squaree of AF, FE, are equal to the aqwxres of 06, 6E; 

of which the square of AF is equal to the square of CG, because Af 
is equal to CG; 

therefore the remaining square of £F is equal to the remaining squan 

o/EG, (ax. 3) 
and therefore the straight line EF is equal to EG; 

but * straight lines in a circle are said to be equally distant fh>m the centre, 
when the perpendiculars drawn to them fh>m the centre are equal;' 
(iiL def. 4) 
tberefore AB» CD* are eqnaUy distant flrom tbe eeaive & 

Next, let the straight lines AB, CD, be equally distant from tbe 
centre, that is, let FE be equal to EG. 

Tnien JLB sball be equal to CD. 

The same construction being made, it may be demonstrated as befoiVi 

that AB is double of AF, and CD doi^de of CG, 

and that the squares of EF, FA, are equal to. the squiwea qf £G». GC;^ 

of whic^ the square of FE is equal to the square of EG, because FE ii 
equal to EG ; (hyp.) 

therefore the remaining square of AF is equal to the remaining squart 
o/CG; (ax. 3) 

and therefore the straight line AF is equal to CG ; 

but AB was shown to be double of AF, and CB double of CG ; 
wlierefore AM is equal to CD. 

Therefore, equal straight lines, &c. Q. £. P. 



\ 



PROP. SV.— Theobih. 

Tit (Hameler is the greatest straiyht line tr a circle, and, of all olhert, 
liat akiek is iiearer (o the centre is alioays greater than one more remote ; 
and the greater ia nearer to the centre tlian the Itaa, 

(KefereLt«a— Prop. r. 12, 20; m.deCS,) 

Let ABCD be a circle, of which the diameter is AD, and llie 
centre Ej and let BC ha nearer to the centre than FG. 

Xhen All Bhall be greater tlian anr itralgtit line BC, 

wMob la not a diameter, 
and BC Shan be greater ttian FO. 




Then, because AE is equal to EB, and ED W EC, (l dtf. 15) 

Ikerefore AU is equal lo EB, EC; (as. 2) 
but EB, EC, are greater than BC ; (l 20) 

wberefore al»» AS la greater tban BC. 

And because CC ia nearer to the centre than FG, (hyp.) 

therefore EH u few than EK ; (nt def. S) 
bat, as was demonstrated in the preceding proposition, 

BC is double of BH, and FG doubk of FK, 

and ihetqiiarea of EB,B.B, are eqaal lo the squaret of EK, KF, 
bnl the square of EU Is less than the square of EK, because EH is 

than EE ; 

therefore the square of BH is greater tlian the square of FK, 

and the straight lint BH greater than FK i 

aod Oieretttre BC Is g-reater tbam TO. 
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Next, let BC be greater than FG. 

Tben BC sliall be nearer to tbe oentre tban FO* tbat is» 
laaL iliall be less tban BK. 

The same construction being made, because BC is greater than FG, 

therefore 6H is greater than KF ; 

and the squares q/'BH, HE, are equal to the squares ofFK, KB, 

but the square of BH is greater than the square of FK, because BH is 
greater than FK ; 

therefore the square of £H is less than the square q/'EK, 
and the straight line EH less titan EK. 

and tberefore BC la nearer to tbe centre tban TQ, 

(m. def. .5.) 

Wherefore, the diameter, &c. Q. £. D. 



PROP. XVL— Theorem. 

The straight line which is drawn at right angles to the diameter of a 
circle J from the extremity of it, falls without the circle; 

and no straight line can be drawn from the extremity between that 
straight tine and the circumference, which does not cut the circle, or, which 
is the same thing, ru) straight line can make so great an acute angle with 
the diameter at its extremity, or so small an angle with the straight Une 
which is at right angles to it, as not to cut the circle. 

(References — Prop. i. 5, 12, 17, 19 ; m. 2, def. 2.) 

Let ABC be a circle, the centre of which is D, and the diameter 
AB. 

Tben tbe stralgbt line drawn at riffbt angrlea to A8 
flrom Its extremity Jk, sball fUl witbout tbe olreie. 




CONSTRUCTION 

For, if it does not, let it fall, if possible,' within the circle, as AC; 
and draw DC to the point C, -where Vt mee\a VSaa ^vcq-vhoSsx^ws^ 
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DEMONSTRATION 

Because DA is equal to DC, (l def. 15) 

the angle DAC is equal to the angle ACD ; (i. 5) 

but DAC is a right angle, (hyp.) 

therefore ACD must he aright angle, 

and therefore the angles DAC, ACD, must he eqwU to two right angles; 
which is impossible ; (i. 17) 

therefore the straight line drawn from A at right angles to B A, does not 
fall vnthin the circle. 

In the same manner it may be demonstrated that it does not &11 upon 
the circumference; 

therefore fhe stralfflit line flrom A. at rlgrlit anffles to BJL, 
must faU without the clroley as AS. 

IklMOf between the stralffht line AB and the clromnl^renoe, 
no stralgrht line can be drawn flrom the point A which does 
not eat the circle. 




CONSTRUCTION 

For, if possible, let FA be between them, 

and from the point D draw DG perpendicular to FA, (i. 12) 

and let it meet the circumference in H. 

DEMONSTRATION 

Because AGD is assumed to be a right angle, and DAG less than a 

right angle ; (i. 17) 

therefore DA must be greater than DG ; (i. 19) 
but DA is equal to DH ; (i. def. 15) 

therefore DH must be greater than DG, 
the less than the greater, which is impossible ; 

therefore no straight line can be drawn from the point A« 
between AS and the clrcnmference, which does not cut 
the circle % 
or, which amounts to the same thing, however great «cel «A'a\fo %s!l<^<^ <&. 

straight line makes with the diameter at Vii<ft -^mX. K,at\tfsw«^«t 
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small an angle it makes irith AE, the circmnference shall pass 

between that straight line and the perpendicular AE. 

< And this is all that is to be understood, when in the Greek text, and 

in translations from it, the augle of the semicircle is said to be greater 

than any acute rectilineal angle, and the remaining angle less than any 

rectilineal angle.' Q. E. D. 

Cor. — From this it is manifest, that the stnught line which is drawn 
at right angles to the diameter of a circle, firom the extremity of it, 
touches the circle ; (m. def. 2) and that it touches it only in one point, 
because, if it did meet the circle in two, it would fall within it. (m. 2.) 

' Also it is eyident that there can be but one stra^ht line which 
touches the circle in the same point' 



PROP. XVII.— Pboblem. 

To draw a straight line from a given point, either wWiout erimthedr' 
cumference, which shall touch a given circle. 

(References — Prop, l 4, 11 ; m. 1, 16, cor.) 

First, let A be a given point without the given circle BCD. 
It is required to draw a straight line from A which shall touch the 
circle. 







CONSTRUCTION 

Find the centre E of the circle, (m. 1) and jom AE ; 

and fh)m the centre E, at the distance AE, describe the circle AF6 ; 

from the point D draw FD at right angles to AE; (l 11) and join 

EBF, AB. 

Tlien JLB slwll toQoli tbe circle BCB. 

DEMONSTRATION 

Because E is the centre of the circles BCD, AF6 ; 
therefore EA is equal to EF, ami ED to EB; (l del 16) 
hence, in the two triangles AEB, FEiB, 
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lecaase the two sides AE, £B, are equal to the two F£, ED, each to 

each; 
md they contain the angle at E common to both triangles; 

ther^ore, the base DF is equal to the base AB, 

and the triangle FED to the triangle AEB, 
and the other angles to the other angles; 
Aerefore the angle EBA is equaJ to the angle EDF; (l 4) 
tut EDF is a right angle, (constr.) 
wherefore EBA is a right angle ; (ax. 1) 

nd £B is drawn from the centre ; 

»at < a stnught line drawn from the extremity of a diameter, at right 
angles to it, touches the circle ; * (m. 16, cor.) 

therelbre JLB toiicl&ea tbe olreiey 

nd it is drawn from the given point A. 

IvA if the ^yen point be in the circumference of the circle, as the 

point D, 
Taw DE to the centre £, and DF at right angles to DE ; 

tben DF tonobea tbe circle, (m. 16, cor.) Q. E. F. 



3PR0P. XVin.— Theorem. 

If a straight tine touch a circlet the straight line drawn from the centre 
> the point of contact, shall he perpendicular to the line touching the 
ircle. 

(References—Prop. 1. 17, 19 ; m. 1.) 

Let the straight line DE touch the circle ABC in the point C; 
take the centre F, (iiL 1) and draw the straight line FC. 

Tben FC aball be perpendicular to n^ 




G E 



CONSTRUCTION 

For, if it be not, from the point F draw FBO ig«rs^«i^^Q&a& V^^iT^* 
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DBXON8TBATION 

And becanse F6C is assumed to be a right angle, 

Aerefiire GCF must he an acute angle ; (i. 17) 
and to the greater angle the greater side is opposite ; (i. 19) 

therefore FC must he greater than F6, I 

bat FC is equal to FB, (i. def. 15) 

therefore FB must he greater than F6, 
the less than the greater, which is impossible; 

wherefore FG is not perpendicular to DE. 

In the same manner it may be shown, that no other is perpendicular to 
it besides FC; 

tbat is, FC is perpendicular to DB. 

Therefore, if a straight line, &c. Q. £. D. 



PROP. XIX.— Theorem. 

If a straight line touch a circle^ and from the point of contact a 
straight line be draum at right angles to the touching UnCf die centre (f 
the circle shall be in that line, 

(References — Prop. in. 18.) 

Let the straight line DE touch the circle ABC in C ; and from C let 
CA be drawn at right angles to DE. 
Tben the centre of tbe circle alwll be In CA. 




CONSTRUCTION 

For, if not, let F be the centre, if possible, and join OF. 

DEMONSTRATION 

Because DE touches the circle ABC, and FC is drawn from the 
assumed centre to the point of contact, 
therefore FC must be perpendVcxxlaT to DE*, (in. 18) 

a/i{/ therefore FCE mu8i be a right angle 5 
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but ACE is a right angle, (hyp.) 

therefore the angle FCE must be equal to the angle ACE, (ax. 1) 
the less to the greater, which is impossible. 

wherefore F is not the centre of the circle ABC. 

In the same manner, it may be shown that no other point which is not 
in C A is the centre ; 
tliat is, fhe centre of the circle Is In CA. 

Therefore, if a straight line, &c. Q. E. D. 



PROP. XX.— Theorem. 



The angle at the centre of a circle is double of the angle at the circum- 
ference upon the same base, that is, upon the same part of the circum- 
ference. 

(References — Prop, l 5, 82.) 

_ Let ABC be a circle, and BEC an angle at the centre, and BAC an 
angle at the circumference, which have the same circumference BC for 
their base. 

Tben the anffle BBC sliall be doable of the angle BAC. 




Firsty let the centre E of the circle be within the angle BAC 

CONSTRUCTION 

Join AE, and produce it to the circumference in F. 

DEMONSTRATION 

Because EA is equal to EB, 
the angle EAB is equal to the angle EBA, (i. 5) 

therefore the angles EAB, EBA are double of the angle EAB; 

but the angle BEF is equal to the angles EAB, EBA ; (l 32) 

therefore also the angle BEF is double of the angle "SiKI^*^ 

F 3 
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for the mme reason, the angle FEC U double of the angle EAC ; 

tberelbre the wbole angle BBO Is doable of tbe wlitlo 
angle BJLC. 

Second^t let the centre E of the circle be without the angle BAG. 




CONSTBUCnON 

Join AE, and produce it to meet the circumference in F. 

DEMONSTRATION 

It may be demonstrated, as in the first case, 

that the angle FEC is double of the angle FAC, 

and that FEB, apart o/FEC, is double of FAD, apart of FAC ; 

therefore the remaining angle BBC Is doable of tlie re- 
maining angle BJLC. 

Therefore, the angie at the centre, &c. Q. E. D. 



PROP. XXL—Theobeh. 
77ie angles in the same segment of a circle are equal to one another, 

(Beferences — Prop. m. 1, 20.) 

Let ABCD be a circle, and BAD, BED, angles in the same segment 
BAED. 
Tlien tbe angles BADt BBB,* sball be eqoal to one •»- 
other. 




J^se, let the segment BAED be g;c«a\ie;T i(\»&. t^ «fim^s^ 
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CONSTKUCnON 

Take F the centre tsi the circle ABCD, (m. 1) and join BF, FD. 

IWMON6TBATION 

And, because the angle BED is at the centre, and the angle BAD at 
the circumference, and that they have the same part of the circum- 
ference, yix. BCD for their base ; 

therefore the angle BFD w double of the angle BAD ; (m. 20) 

for the same reason, 

^ angle BFD U double of the angle BED; 

therefore tbe angle 9JLD is equal to tlie angle MMBm 

(ax. 7.) 

Nexty let the s^pnent BAED be not greater than a semicircle. 




CONSTRUCTION 

Draw AF to the centre, and produce it to C, and join CE. 

DEMONSTRATION 

Then the segment BADC is greater than a semioirele, / 

Aertfore by thefiret case, the angles BAG, BEG, m t^ are equal; 

for tht same reason, because CBED is greater than a semicircle, 
the angles GAD, CED, are equal; 

tlierefbre the wbole angle MAH is equal to tbe wbole 
angle BSB. (ax. 2.) 

Wherefbre, the angles in the same segment, &c. Q. E. D. 



PBOP. XXIL— Theobml 

The opposite angles of any quadrilateral figure tnicribed ta a cvr^^ q9« 
iogf^^ epml to two right angles. 
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CBeferences — Prop. i. 82 ; in. 21.) 

Let ABCD be a qaadrilateral figure in the circle ABCD. 

Tben amy two of its opposite amgrles sball be togetlier 
equal to two right aiiffles. 




OONSTBUCnON 

Draw the diagonals AC and DB. 

DEMONSTRATION 

Because the three angles of every triangle are equal to two ri^ 
angles, (l S2) 

the three angles of the triangle CAB, tnz, the angles CAB, ABC, BCA, 
are equal to two right angles ; 

but the angle CAB is equal to the angle CDB, (m. 21) because they 

are in the same segment CDAB ; 
and the angle ACB is equal to the angle ADB, because they are in the 

same segment ADCB ; 

therefore the whole angle ADC is equal to the angles CAB, ACB ; 
to each of these equals add the angle ABC; 

therefore the three angles ABC, CAB, BCA, are equal to the two 
angles ABC, ADC ; (ax. 2) 
but ABC, CAB, BCA, are equal to two right angles ; 
therefore also tbe amgrles ABC* ABC, are equal to two 
riglit angles. 

In the same manner, it may be shown that 
tbe angles BAD, BOB, are equal to two rlgbt Bnglem. 

Therefore, the opposite angles, &c. Q. £. D. 



PROP. XXm — Theorem. 

l^on the same straight Zine, and upon the. same side of it, there cawmtt 
6e two similar segments of circles, not coinciding initK oaa another. 
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(Eeferences — Prop. i. 16 ; m. 10, def. 11.) 

If it be possible, let the two similar segments of circles, viz. ACB, 
ADB, be upon the same side of the same straight line AB, not coin- 
ciding with one another. 




CONSTRUCTION 

Then, becaase the circle ACB cuts the circle ADB, in the two points 
A,B, 
they cannot cut one another in any other point; (m. 10) 

therefore one of the segments ACB, ADB, must fall within the other. 

XiCt ACB £sill within ADB, and draw the straight line BCD, and join 
CA, DA. 

DEMONSTRATION 

Becaase the segment ACB is assumed to be similar to the segment 

ADB, (hyp.) 
and that similar segments of circles contain equal angles ; (iii. def. 

11) 

the angle ACB must he equal to the angle ADB, 

the exterior to the interior, which is impossible; (l 16) 

Therefore there cannot be two similar segments of circles upon the 
same side of the same line, which do not coincide. Q. £. D. 



PROP. XXIV.— Theorem. 

Similar segments of circles upon equal straight lines are equal to one 
another, 

(References — Prop. in. 23.) 

Let AEB, CFD, be similar segments of circles upon the equal straight 
lines AB, CP. 

Tben tbe segment ASB sliall be equal to tbe segment 
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DEMONSTBATtON 

For if the segment AEB be applied to the segment CFD, so that 

the point A may be on C, and the straight line AB on CD ; 
then, because AB is equal to CD, 

ihe point B shaU coincide with the point D ; 

and the straight line AB coinciding with CD, 

Ae segment AEB coincides with the segment CFD, (m. 23) 

and tberefore tlie segment AMB is equal to tbe segmeiit 
C1*D. (ax. 8.) 

Wherefore, similar segments, &c Q. E. D. 



PROP. XXV.— Problem. 

A segment of a circle being given, to describe the circle of which it ii 
the segment 

(References — Prop, l 4, 6, 10, 11, 23 ; m. 9* J 

Let ABC be the giyen segment of a circle. 

It is required to describe the circle of which it is the segment. 




CONSTRUCTION 

Bisect AC in D, (l 10) and from the point D draw DB at right angles 
to AC ; (I. 11) and join AB. 

Firsty let the angles ABD, BAD, be equal to one another. 
Tben D sball lie tbe oentre of tbe elreie reqnlroda 

DEMONSTRATION 

Because the angle ABD is equal to the angle BAD, (hyp.) 

therefore DA is eqtud to DB ; (l 6) 

but DA is equal to DC, (constr.) 
therefore DB is equal to DC, 

am/ fAe three straight lines DA, DB, DC, ore oU eqwA^ 



and because from the point D more tliaa two equal straight lines DA, 
DB, DC, can be drawn to the circumforcnce ABC, 
therefore S !■ tbe oeotre of tbe clrds. (m. 9.) 

Hence, if wLlh the centre D, at tbe distanoe of any of the three, DA, 
DB, DC, a circle be rieacrib«d, 
it iBiUpasa ihrough thevllier twopoinU, and be the circle required. 

Secendli/, let tbe angl«s ABD, BAD, he not eqoal to one another. 



At the point A. in the straight line BA, mate the angle BAE e^oal U 

the angle ABD. (i- 23) 
produce BD, if ai!cessai7, to E, and join EC. 

Tben E sball tto tbe centre of tbe circle required. 



Becanee the angle ABE Is eqaal to the angle BAE, (couBtr.) 

Ihe straight line BE is equal to EA ; (i, 6) 
and in the triangles ADE, CDE, 
because AD is equal lu DC, and DE common to hoth, 
the two sides AD, DE, are equal to the two CD, DE, each to each ; 
and the angle ADE is equal to the angle CDE, for each of them is a 

right angle ; (conslr.) 

Oterefore the base AE is equal ta the base EC i (l. i) 
bat AE was ehown to be equal to EB, 

wherefore also EB is equal to EC ; (ai. I) 

and the three alraighl lines EA, EB, EC, are therefore equal to drs 
another ; ^ 

and because from the point E, more than two equal strmght lines, EA, 

EB, EC, can be drawn to the ciroumlereace ABO, 

Uierettire E la tbe oenlre of tbe olrole. (iii, 9.) 
Hence, if with the centre E, at the distance of any of the three AE, 

EB, EC, a circle be described, 

it Bypass ihrougk the otker point, and be the circle retpiirti. 
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In ^e first case, it is evident that, becaose the centre D is in AC, 

therefore the segment ABC is a semicircle. 

In the second case, if the angle ABD'be greater than the angle 
BAD, the centre E falls withoat the segment ABC, 

which is therefore less than a semicircle ; 

but if the angle ABD be less than BAD, the centre E fijls within tbe 
segment ABC, 

which is therefore greater than a semicircle. 

Wherefore a segment of a circle being given, the circle is described of 
which it is a segment Q. £. F. 



PROP. XXVI.— -Theobem. 

In equal circles^ equal angles stand upon equal circumferences, wheAer 
they be at the centres or at the circumferences, 

(Referenced — Prop. i. 4 ; in. 24, det 1, 11.) 

Let ABC, DEF, be eqoal circles, having the equal angles BGC, 
EHF, at their centres, and BAC, EDF, at their circumferences. 

Tben tbe olrenmferenoe BXC sball be equal to **^^ elr- 
ouinftrenoe BXil". 





CONSTRUCTION 



Join BC and £F. 



DEMONSTRATION 

Because the circles ABC, DEF are equal, the straight lines drawn fmn 
their centres are equal ; (m. def. 1) 

therefore the two sides BG, 6C, are equal to the two EH, HF, eadt to 
eachi 

and the angle at G is equal to the «ng\e «.X H \ C^T^.^ 
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therefore the base BC is equal to the base £F. (l 4.) 

And because the aogle at A is equal to the angle at D, (hyp.) 

the segment BAG is similar to the segment EDF ; (lu. def. 11) 

and they are upon equal straight lines BC, EF ; 
but similar segments of circles upon equal straight lines are equal to 
one another ; (m. 24) 

therefore the segment BAG is equal to the segment EDF ; 

but the whole circle ABC is equal to the whole DEF ; (hyp.) 

therefore the remaining segment BKC is equal to the remaining segment 
ELF, (ax. 3) 

and tbe oiromnferenee BXC to tbe clromiiferenoe BKF. 

Wherefore, in equal circles, &c Q. E. D. 



PROP. XXVII.— Theorem. 

In equal circles, the angles which stand upon equal circumferences are 
equal to one another, whether Ihey he at the centres or at the circumferences, 

(References — Prop. i. 23 ; ni. 20, 26.) 

Let the angles BGC, EHF, at the centres, and BAC, EDF, at the 
circumferences of the equal circles ABC, DEF, stand upon equal cir- 
cumferences BC, EF. 

Tben tbe amgrle BOC sliall be equal to tbe ancle BBF, and 
tbe angle BAG to tbe angle BBF. 





If the angle BGC be equal to the angle EHF, 

it is manifest that the angle BAC is also equal to EDF. (m. 20, and 
ax. 7.) 

Bat, if not, one of them is greater than the other ; let BGC be the 
greater. 

CONSTRUCTION 

At the point G, in the straight line BG, make lliQ «cii%\« ^Q[^ ^n^ Vk 
the angle EHF, (i. 23.) 
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DEMONSTRATION 

Because equal angles stand upon equal circumferences when they sre 
at the centre ; (m. 26) 

tiierefore ihe circumference BK must he equal to the circumference EF; 
but EF is equal to BC ; (hyp.) 

therefore cUao BK must be equal to BC, (ax. 1) 
the less to the greater, which is impossible; 

therefore ihe angle BGC is not unequal to the angle EHF ; 

mat Uff tlie angle BOO is eq:iial to tbe angle XBF. 

And the angle at k is half of the angle BGC, (ni. 20) 
and the angle at D is half of the angle EHF; 

tHerefore tbe angle at A is equal to tbe angle at 9. 

(ax. 7.) 



PROP. XXVIII.— Theorem. 

In equal circles, equal straight lines cut off equal circun{ferences, (fte 
greater equal to the greater, and the less to the less, 

(References — Prop. i. 8 ; m. 1, 26, def. 1.) 

Let ABC, DEF, be equal circles, and BC, EF, equal strught Iumi 
in them, which cut off the two greater circumferences BAG, EDF, and 
the two less, BGC, EHF. 

Tben tbe greater droumferenee BAG sbaU be equal to tlie 
greater &2>F, and tbe less BOO to tbe less 





CONSTRUCTION 

Take K, L, the centres of the circles, (m. I) and join BK, KC, EU 
LF. 

DBUONSTRATION 

Becaaae the circles ABC, DEF, ate eo^l, the 6tc«ig,ht Imes inaa their 
centres are equal ; (m. def. 1) 
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therefore BK, KC, are equal to £L, LF, each to each ; 

and the base BC is equal to the base EF ; (hyp.) 

therefore Wangle BKO m equal to the angk ELF; (i. 8) 

bnt equal angles stand upon equal circumferences, when they are at the 
centres ; (in. 26) 

tberefbre tbe dremnlbreiioe BOC is equal to tbe oircmn- 
ferenee SBV; 

bat the whole circle ABC is equal to the whole EDF ; (hyp.) 

therefore the remaining parts of the circumferences are equal, 

that is, 8AC is equal to SBF. 

Therefore, in equal circles, &c. Q. E. D. 



PROP. XXIX.— Theorem. 

In equal circles equal circumferences are subtended by equal straight 
lines, 

(References — Prop, i. 4 j in. 1, 27.) 

Let ABC, DEF, be equal circles, and let the circumferences BGC, 
£HF, also be equal ; and join BC, EF. 

Tben tbe stralgrlit line 8G sbaU be equal to tbe stralirbt 
linear. 

3> 





CONSTRUCTION 

Take E, L, the centres of the circles, (m. I) and join BE, KC, EL» 
LF. 

DEMONSTRATION 

Because the circumference BGC is equal to the ciromnference EHF, 
therefore the angle BKC is equal to the angle ELF ; (m. 27) 

and because the circles ABC, DEF, are equal, the straight Un«& fecRsv 
iheir centres are equal; (m. def. 1) 
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therefore BK, EC, are equal to EL, LF, each to each ; 
and they contain eqaal angles ; 

tberefbre the iMuie BC is equal to tbe base SP. (l 4.) 
Therefore, in equal circles, &c. Q. £. D. 



PROP. XXX.— Probleu. 

To bisect a given circumference, that is, to divide it into two egud 
parts. 

(Beferences — Prop, i, 4, 10, 11 ; hl 1 cor., 28.) 

Let ADB he the given circumference. 
It is required to bisect it. 

D 




CONSTRUCTION 

Join AB, and bisect it in C ; (i. 10) 

from the point C draw CD at right angles to AB. (l 11.) 

Tben tbe olronmferenoe ABB sball be blseeted In tlie 
point B. 

Join AD, DB. 

DEUONSTRATION 

In the triangles ACD, BCD, 

because AC is equal to CB, and CD common to both, 
the two sides AC, CD, are equal to the two BC, CD, each to each ; 
and the angle ACD is equal to the angle BCD, because each of them if 
a right angle ; 

therefore the base AD is equal to the base BD ; (i. 4) 

but equal straight lines cut off equal circumferences, (m. 28) the greater 

equal to the greater, and the less to the less; 
and AD, DB, are each of them less than a semicircle, because DC posses 

through the centre ; (m. 1 cor.) 

therefore the circumference AD is equal to the circumference DB ; 
wherefore tbe eircninfiDrenee ikBB is bisected In B. 



\ 
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PROP. XXXL—Theoreh. 

In a circle, the angle in a semicircle is a right angle; but the angle in a 
segment greater than a semicircle is less than a right angle; and the angle 
in a segment less than a semicircle is greater than a right angle, 

(References — Prop. i. ,5, 17, 82 ; in. 22.) 

Let ABCD be a circle, of which the diameter is BC, and the centre 
E ; and draw CA, dividing the circle into the segments ABC, ADC, 
and join BA, AD, DC. 

Tben the angle In tbe semlcirole 8AC sliall be a rlgbt 
angle; 

and tbe angle In tbe segment ABC, wblcli is greater 
tlian a semleircle, sball be less tban a rigbt angle ; 

and tbe angle In tbe segment ABC» wbiob is less tban 
a semiolrele» sball be greater tban a rlgbt angle. 



CONSTBUCnON 

Join AE, and prodace BA to F. 

DEMONSTRATION 

Because BE is equal to EA, (i. def. 15) 

the angle EAB is equal to EBA; (l 5) 
also, because AE is equal to EC, 

the angle EAC is equal to the angle ECA ; 

wherefore the whole angle BAC is equal to the two angles ABC, ACB; 

but FAC, the exterior angle of the triangle ABC, is equal to the two 
angles ABC, ACB ; (l 32) 

therefore the angle BAC is equal to the angle FAC ; (ax. i) 

and each of them is therefore a right angle; (l def. 10) 

wberefore tbe angle BikC in a semioirole is a rlgbt angle. 

And because the two angles ABC, BAC, of ihft tslui^^^ KSlC^ %s^ 
together less tban two right angles, (i. \1) 
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and that B AC has been prored to be a right angle ; 

therefore ABC is less than a right angle; 

and tberefore tlie angle in a segment ABC, greater ttiaa 
a eemiolrole, is leas tHan a rigbt angle* 

And because ABCD-is a quadrilateral figure in a circle, any two of its 
opposite angles are equal to two right angles ; (m. 22 ) 

therefore the angles ABC, ADC, are equal to two right an^ea ; 

and ABC has been proved to be less than a right angle; 

wlierefbre tbe otner ABC is greater tban a rigbt anglAi 

Besides, it is manifest that the circumference of the greater segment 
ABC falls without the right angle CAB, but the circumference of the 
less segment ADC falls within the right angle C AF. 

* And this is all that is meant, when in the Greek text, and the 
translations from it, the angle of the greater segment is aaid to be 
greater, and the angle of the less segment is said to be less than a 
right angle.' 

Cor. — From this it is manifest that if one angle of a triangle be 
equal to the other two it is a right angle, because the angle adjacent to 
it is equal to the same two ; (l 32) and when the adjacent angles are 
equalf they are right angles, (i. defl 10.) 



PROP. XXXIL— Thboeem. 

If a straight line touch a circle, and from thejmnt of contact a ttndgki 
line he drawn cutting the circle ; *" 

then the angles made by this line with the line touching the circle shaS ht 
equal to the angles which are in the alternate segmaitfof the cirde» 

(References—- Prop. i. 11, 13,32; in. 19, 22, 31.) 

Let the straight line EF touch the circle ABCD in B, and from the 
point B let the straight line BD be drawn cutting the circle. 

Then the angles which BD makes with the touching line EF shall be 
equal to the angles in the alternate segments of the circle; 

tbat iSf tlie angle FBB sliall be equal to tbe angle wliieli 
is in the segment BAS« 
and tbe angle BBB to tbe angle In Hba 
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CONSTBUCTION 

From the point B draw BA at right angles to EF ; (i. 11) 

and take any point C in the circumference BD, and join AD, DC, CR 

DEBIONSTBATION 

Because the straight line EF touches the circle ABCD in the point B, 
and BA is drawn at right angles to the touching line from the point of 

contact By 

the centre of the circle ABCD is m BA ; (m. 19) 

therefore the angle ADB in a semicircle, is a right angle, (m. 31) 
and consequently the other two angles BAD, ABD, are equal to a right 
angle; (i. 32) 

but ABF is likewise a right angle ; (constr.) 

therefore the angle ABF is equal to the angles BAD, ABD ; (ax. 1) 

take firom these equals the common angle ABD : 

tberefbre tlie remalBlngr angle DBF is equal to tlie an^le 
^Al^, wblob is in tbe alternate segment of tbe circle. 

(ax. 3.) 

And because ABCD is a quadrilateral figure in a circle, 

the opposite angles BAD, BCD, are equal to two right angles; (m. 
22) 

tmt the angles DBF, DBE, are likewise equal to two right angles ; 
(1.13) 

therefore the angles DBF, DBE, are equal to the anglesBAD, BCD ; 

and DBF has been proTed equal to BAD ; 

tberefore tbe remainingr angle DBS is equal to tbe angle 
BCD* wbiob is in tbe aUemate segment of tbe circle. 

(ax. 3.) 

Wlierefore, if a stndght line, &c. Q. E. D. 
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. PROP. XXXIIL— Problem. 

Upon a given straight line to describe a segment of a circle, containing 
an angle equal to a given rectilineal angle. 

(References — Prop. i. 4, 10, 11, 23, 31 ; in. 16 cor., 31, 32.) 

Let AB be the given straight line, and the angle C the given recti- 
lineal angle. 

It is required to describe upon the given straight line AB, a segment 
of a circle, containing an angle equal to the angle C. 

First, let the angle C be a right angle. 




CONSTRUCTION 

Bisect AB in F, (l 10) and from the centre F, at the distance FB, 
describe the semicircle AHB. 
Tben ABB sball be Hie segrment required. 

demonstration 
Because AHB is a semicircle, 

therefore the angle AHB in it is a right angle, and therefore equal to 
C; (ra.31) 

wlierefore the angle In the segment IkS^ Is equal to tbe 
given angle C. 

Secondly, let be not a right angle. 
H 






' D 



construction 

At the point A in the straight line AB, make the angle BAD equal to 

the angle C, (i. 23) 
and from the point A draw AE at right angles to AD ; (i. 11) 
bisect AB in F, (i. 10) and from F draw FG at right angles to AB| 

(1,11) and join GB. 

Then JkM9 la tlie segment Te<VQire<]u 
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DEMONSTRATION 

In the triangles AFG, BFG, 

because AF is equal to FB, and FG common to both, 

the two sides AF, FG, are equal to the two BF, FG, each to each; 

and the angle AFG is equal to the angle BFG ; (i. def. 10) 

therefore the hose AG is equal to the hose GB; (i. 4) 
and the circle described from the centre G, at the distance GA, shall 
pass through the point B ; 

let this be the circle AHB ; 

and because from the point A, the extremity of the diameter AE, AD 
is drawn at right angles to A£, 

therefore AD touches the circle AHB; (iii. 16, cor.) 
and because AB drawn from the point of contact A cuts the circle, 

the angle DAB is equal to the angle in die alternate segment AHB; 
(m. 32) 
but the angle DAB is equal to the angle C ; (constr.) 

tberefore Hie aagrle C is equal to tbe angrlo in tbe segment 



Wherefore, upon the giyen straight line AB, the segment AHB of a 
circle is described which contains an angle equal to the giyen angle 
C. Q. E. F. 



PROP. XXXIV.— Problem. 

To cut off a segment from a given circle which shall contain an angle 
equal to a given rectilineal angle* 

(References — Prop. i. 23 ; m. 17, 32.) 

Let ABC be the given circle, and D the giyen rectilineal angle. 
It is required to cut off a segment from the circle ABO that shall 
contain an angle equal to the angle D. 



CONSTRUCTION 

Draw the straight line EF touching the circle ABCm^3bAY^\sX'^\ 
(ill, 17) 

o 
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and at the point B, in the straight line BF make the angle FBC equal 
to the angle D. (i. 23.) 

Then tbe segment BAO sball eontaln an angle equal ft 
tbe given angle B. 

DEMONSTRATION 

Because the straight line EF touches the circle ABC, and BC is drawn 
from the point of contact, B, 

therefore the angle FBC is equal to the angle in the alternate aegment 
BAC of the circle; (m. 82) 

but the angle FBC is equal to the angle D; (constr.) 

tberefore tbe angle in tbe segment BAO is equal to tlM 
angle B. (ax. 1.) 

Wherefore the segment BAC is cut off from the £^yen circle ABC 
containing an angle equal to the given angle D. Q. £. F. 



PROP. XXXV.— Theorem. 

If two etraight linee toithin a circle cut one another ; 
then the rectangle contained by the segments of one of Aem is equal to At 
rectangle contained hy the segments of the other, 

(References — Prop. i. 12, 47 ; n. 5; iil 1, 3.) 

Let the two straight lines AC, BD, within the circle ABCD^ cot ODe 
another in the point £. 

Tben tbe rectangle contained by AB» BC* sl&all be equU 
to tbe rectangle contained by BBp BB. 




Fhrstf let AC, BD, pass each of them through the centrC' 

demonstration 
Then because £ is the centre, 

iherrfore AE, EC, BE, ED, are all equal to one another^ (ju def. 15) 
anil tberelbre tbe reetaagle AB«Bfi, is equal totlMfM^ 
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Secondly f let one of them BD pass through the centre, and cat the 
other AC, which does not pass through the centre, at right angles in 
the point £• 




CONSTRUCTION 

Then if BD be bisected in F, F is the centre of the circle ABCD. 
Join AF. 

DEMONSTRATION 

Because BD, which passes through the centre, cuts the straight line 
AC, which does not pass through the centre, at right angles in E, 

iherefore AE, EC, care equal to one another ^ (m. 3) 

and because the straight line BD is cut into two equal parts in the 
point F, and into unequal parts in the point E, 

the rectangle BE, ED, together with the square of EF, is equal to the 
square of FB; (iL 5) that is to the square of FA ; 

bat the squares of AE, EF, are equal to the square of FA ; (i. 47) 

therefore the rectangle BE, ED, together with the square of EF, is equal 
to the squares of AE, EF ; (az. 1) 

take away the common square of EF, 

€md the remainders are equal, that is, 

tbe reotangle 8Bp MD^ is equal to the rnqjamre of AS, tbat 
is to tbe rectangle AB» BC. 



Thirdly, let BD, which passes through the centre, cut the other 
AC, which does not pass through the centre, in E, but not at right 
angles. 



CONSTRUCTION 



Then, as before, if BD be bisected in F, F is the centre of the circle. 
Join AF, and from F draw FG perpendicular to AC. (l 12.) 



DEMONSTRATION 



Then AG is equal to GC ; (m. 3) 

q2 
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therefore the rectangle A£, EC, together with the square of £6, is equal 
to the square of AG ; (n. 5) 

to each of these equals add the square of GF ; 

therefore the rectangle AE, EC, together with the squares of EG, GF, 
is equal to the squares of AG, GF ; (ax. 2) 

but the squares of EG, GF, are equal to the square of EF.; (i; 47) 
and the squares of AG, GF, are equal to the square of AF ; 

therefore the rectangle AE, EC, together with the square of "EF, is equal 
to the square of AF; that is, to the square of FB; 

but the square of FB is equal to the rectangle BE, ED, together with 
the square of EF ; (n. 5) 

therefore the rectangle AE, EC, together with the square of £F, is equal 
to the rectangle BE, ED, together with the square ofE^i (ax. 1) 
take away the common square of EF, 

and tberefore tbe remaining rectangle AS, BC, is equal to 
tbe remaining rectangle SB, SB. (ax. 8.) 

Lastly, let neither of the straight lines AC, BP, pass through the 
centre. 




CONSTRUCTION 

Take the centre F, (in. 1) and through E, the intersection of the 
straight lines AC, DB, draw the diameter GEFH. 

DEMONSTRATION 

Because the rectangle AE, EC, is equal, as has been shown, to the 

rectangle GE, EH ; 
and for tbe same reason, the Tectaiig\e B1&, ED, is equal to the fame 
rectangle QE, EH ; 
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tberefore tbe reetangle AB» BO* is equal to the rectangle 
BB, BB. (ax. 1.) 
Wherefore, if two straight lines, 8cc Q. £. D. 



PROP. XXXVI.— Theorem. 

If from any point without a circle, two straight lines be drawn, one of 
which cuts the circle, and the other touches it; 

then the rectangle contained by the whole line which cuts the circle, and 
tJte part of it without the circle, shall be equal to the square of the line 
which touches it. 

(References — Prop. i. 12, 47 ; n. 6 ; in. 1, 3, 18.) 

Let D be any point without the circle ABC ; and let DC A, BB, 
be two straight lines drawn from it, of which DCA cuts the circle, and 
X>B touches the same. 

Tben tbe rectangle A3>v BC, sball be equal to tbe aqiuure 
of BB. 

Either DCA passes through the centre, or it does not 
Firsts let it pass through the centre £. 




CONSTRUCTION 

From the point £ to B, draw the straight line EB. 

DEMONSTRATION 

Then the angle EBD is a right angle ; (m. 18) 

and because the straight line AC is bisected in E, and produced to the 

point D, 

the rectangle AD, DC, together with the square of EC, is equal to ^ 
square of ET>; (n. 6) 
ba^ CJE7 is equal to EB ; 
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thu^ore ike reeiangk AD, DC, together with the equarerf^B, ia epul 
to the square of £D; 

bat the sqoare of ED is equal to the squares of £B» BD, becsme EBD 

is a right angle ; (i. 47) 

therefore the rectangle AD, DC, together with the square of EiB^ ia eqtui 
to the squares q/'EB, BD; (ax. 1) 

take away the conunon square of EB ; 
tberefbre tbe remmlnlnff rectangle ASt SC* Is eqiiial to tlie 
•qnare of tbe tABfeat BB» (az. 8.) 

Secoitdfy, let DCA not pass through the centre of the ciicle ABC 




COMSTBUCnON 

Take the centre E, (m. 1) and draw EF perpendicular to AC, (i. 12) 
and join EB, EC, ED. 

DEMONSTRATION 

Because the straight line EF, which passes through the centre, cuts the 
straight line AC, which does not pass through the centre, at right 
angles, it shall likewise hisect it ; (ni. 3) 

therefore AF is equal to FC ; 

and because the straight line AC is bisected in F, and produced to D, 

the rectangle AD, DC, together with the square of FC, is equal to tht 
square ofFD', (ii. 6) 

to each of these equals add the square of FE ; 

therefore the rectangle AD, DC, together with the squares of OF, FE, 
is equal to the squares ofDF, FE ; (ax. 2) 

but the square of ED is equal to the squares of DF, FE^ became EFD 

is a right angle ; (l. 47) 
and for the same reason the square of EC is equal to the squares of 

CF, FEj 

therefore the rectangle AD, DC, together with the square of EC it 
equal to the square of ED *, (ax. 1") 
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but CE is eqaal to £B; 

therefore the rectangle AD, DC, together with the square ofEB, is equal 
to the square of ED, 

bat the squares of EB, BD, are equal to the square of ED, because 
EBD is a right angle ; (i. 47) 

therefore the rectangle AD, DC, togetlier with the square of EB, is 
equal to the squares ofEB, BD ; 

take away the common square of EB ; 

fherefore tbe remaining rectangle ikS, BO, is equal to 
the Minare of D8. (ax. 3.) 

Wherefore, if from any point, &c. Q. E. D. 

Cor. — If from any point without a circle, there be drawn two 
straight lines cutting it, as A6, AC, the rectangles contained by the 
whole lines and the parts of them without the circle, are equal to one 
another. 




Thus the rectangle BA, AE, is equal to the rectangle CA, AF, 
for each of them is equal to the square of the straight line AD, which 
touches the circle. 



PROP. XXXVII.— Theobbm. 

If from a point without a circle there be drawn two straight Unes, 
erne of which cuts the circle, and the other meets it; if the rectangle 
contained hy the whole line which cuts the circle, and the part of it without 
Ute circle he equal to the square of the line which meets it; 

then that line shall touch the circle. 

(References — Prop. i. 8 ; m. 1, 16 cor., 17, 18,36.) 

Let any point D be taken without the circle ABC, and from it let 
two straight lines, DC A and DB, be drawn, of which DCAcut&Ov<& 
circle, and DB meets it. 



1^8 
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If tbe rectangle AD, DC, be equal to the square of DB, 
Tben BB sball touoli tbe elrde. 




CONSTRUCTION 

Draw the straight line DE, touching the circle ABC in E ; (m. 17) 
find F, the centre of the circle., (lu. 1) and join FE, FB, FD. . 

DEMONSTRATION 

Then FED is a right angle ; (m. 18) 

and because DE touches the circle ABC, and DC A cuts it; 

the rectangle AD, DC, is equal to the square of DE ; (m. 3C) 

but the rectangle AD, DC, is, by hypothesis, equal to the square of 
DB; 
therefore the square of DE is equal to the square of DB ; (ax. 1) 

and the straight tine DE equal to the straight tine DB ; 
and FE is equal to FB. (i. def. 15,) 

Hence in the two triangles DEF, DBF, 

because DE is equal to DB, and EF to FB, 

the two sides DE, EF, are equal to the two DB, BF, each to each; 

and the base FD is common to the two triangles ; 

there/ore the angle DEF is equal to the angle DBF; (l 8) 
bat DEF was shown to be a right angle, 

there/ore also DBF is a right angle ; (ax. 1) 
and FB, if produced, is a diameter, 
and the ' straight line which is drawn at right angles to a diameter, firom 

the extremity of it, touches the circle ; ' (in. 16 cor.) 

tberefbre BB toaobes tbe elrole ABC. 

Wherefore, if from a point, &c. Q. E. D. 
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DEFINITION& 




A BECTiLiNSAL figure is said to be inscribed in another 
rectilineal figore, when all the angnlar points of the in- 
scribed fignre are upon the sides of the figore in which 
it is inscribed, each upon each. 



II. 

In like manner a fignre is said to be described about another figure, 
when all the sides of the circumscribed figure pass through the angular 
points of the figure about which it is described, each through each. 




III. 

A rectilineal figure is sud to be inscribed in a circle, 
when all the angular points of the inscribed figure are 
upon the circumference of the circle. 

IV. 

A rectilineal figure is said to be described about a circle, 
when each side of the circumscribed figure touches the 
circumference of the circle. 



V. 

In like manner, a circle is said to be Vxuiciniy^m^kT^^ic^^^^^^gA'^N 
when the circumference of the circle touftYkca «M^»!^^ ^l^^^^iafc^ 

o3 
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VI. 

A circle is said to be described about a rectilineal 
figure, when the circumference of the circle passes 
through all the angular points of the figure about which 
it is described. 

VIL 

A straight line is said to be placed in a circle, when the extremities 
of it are in the circumference dT the circle. 




PROP. I.— Problem. 

In a given circle to place a straight line equal to a given straight line 
vhich is not greater than the diameter of the circle, 

(References -— Prop, l 8.) 

Let ABC be the given circle, and D the given straigiit line not 
greater than the diameter of the circle. 
It is required to place in the circle ABC a straight line equal to D. 




CONSTRUCTION 

Draw BC the diameter of the circle ABC ; 
then, if BC is equal to D, the thing required is done ; 
for in the circle ABC a straight line BC is placed equal to D. 
But, if it is not, BC is greater than D ; (hyp.) 
make CE equal to D, (i. 3) 

and from the centre C, at the distance CE, describe the circle A£F 
and join C A. 

Then CA sball be equal to B. 

DEMONSTRATION 

Because C is the centre of the circle AEF, 
therefore CA iseqnaltoC%\ (l,^^l, \fi) 
bat D is eqnal to CE ; (constr.) 
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tberefore B is equal to C£L\ (ax. 1) 

Wherefore, in the circle ABC, a straight line CA. is placed equal to 
the given straight line D, which is not greater than the diameter of 
the circle. Q, E. F. 



PROP. II.— Problem. 

In a given circle to inscribe a triangle equiangular to a given triangle, 

(References — Prop. i. 23, 32 ; in. 17, 32.) 

Let ABC be the given circle, and DEF the given triangle. 
It is required to inscribe in the circle ABC a triangle equiangular to 
the triangle DEF. 

A 

H 





CONSTRUCTION 

Draw the straight line 6AH touching the circle in the point A ; (in. 

17) 
and at the point A, in the straight line AH, make the angle HAC 

equjd to the angle DEF ; (i. 23) 
and at the point A, in the straight line AG, make the angle GAB 

equal to the angle DFE, and join BC. 

Tben ABO aliall 1>e the triangle required. 

DEMONSTRATION 

Because HAG touches the circle ABC, and AC is drawn from the 
point of contact, 

tf^ angle HAC is equal to the angle ABC in the alternate segment of 
the circle; (in. 32) 

bat HAC is equal to the angle DEF; (constr.) 

therefore oho the angle ABC is equal to DEF ; (ax. 1) 

for the same reason, the angle ACB is equal to the angle DFE ; 

therefore the remaining angle BAC is equal to the remaining angle EDF; 
(i. 32, and ax. 1) 

wlierefbre tbe triangle ABC id eqnlaBffiilar to tbe triangle 

nsr. 
Bad it im Imerlbed in the o&role ASO* ^^.^« 
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PROP. IIL~ Pboblex. 

About a given circle to describe a triangle equiangular to a given triangk. 

(References —Prop. i. 13, 23, 32; m. 1, 17, 18.) 

Let ABC be the given circle, and DEF the given triangle. 
It is required to describe a triangle about the circle ABC equiangular 
to the triangle DEF. 



A 



a F £ 6 




CONSTRUCTION 

Produce EF both ways to the points G, H; 

find the centre K of the circle ABC, (ni. 1) and from it draw any 

straight Ime KB ; 
at the point K, in the straight line KB, make the angle BKA equal to 

the angle DEG, (i. 23) 
and the angle BKC equal to the angle DFH; 
and through the points A, B, C, draw the straight lines LAM, MEN, 

NCL, touching the circle ABC. (iil 17.) 

Then XiMir sliall be tbe triangrle required. 

demonstration 

I 

Because LM, MN, NL, touch the circle ABC in the points A, B, C, 
to which from the centre are drawn KA, KB, KC, 

the angles at the points A, B, C, are right angles ; (m. 18) 
and because the four angles of the quadrilateral figure AMBK are 

equal to four right angles, for it can be divided into two triangles; 
and that two of them, KAM, KBM, are right angles, 

the other two AKB, AMB, are equal to two right angles ; (ax. 3) 
but the angles DEG, DEF, are likewise equal to two right angles; 

(I. 13) 

therefore the angles AKB, AMB, are equal to the angles DEG, DEF, 
(ax. 1) 

of which AE3 'is equal to DEG ; (constr.) 
wherefore . the remaining angle AMB, is equal to the TennQA.<KUMC| ioiqk 
DEF. (ax. 3.) 
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In like manner, it may be demonstrated that the angle LNM is equal to 
DFE; 

and therefore the remaining angle MLN is equal to the remaining angle 

EDF ; (I. 32, and ax. 3) 

wberefore tbe triangle ZdMOr is eqniaBsnlar to the triangle 

and it is described about the oirole ABO. Q. £. F. 



PROP. rV.— Problem. 

To inscribe a circle in a given triangle, 

(References — Prop. i. 9, 12, 26; m. 16.) 

Let the given triangle be ABC. 

It is required to inscribe a circle in ABC. 




CONSTRUCTION 

Bisect the angles ABC, BCA, by the straight lines BD, CD, meeting 

one another in the point D, (l 9; 
from which draw DE, DF, DG, perpendiculars to AB, BC, CA ; (i. 12) 
from the centre D, with either of these distances, describe the circle 

EFG. 

Tben tbe drole B70 sliall be inscribed in tbe triangle 



DEMONSTRATION 

Because the angle EBD is equal to the angle FBD, for the angle ABC 

is bisected by BD, 
and that the right angle BED is equal to the right angle BFD ; (al. 

11) 
then, in the triangles EBD, FBD, 

the two angles of the one are equal to two angles of the other, each 

to each ; 
and the side BD, which is opposite to ouft oi VYife ^<^ps\^^^^A\s^^*s2tt-, 

18 common to hath ; 
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therdbre tiieir other sides are eqnal ; (i. 26) 

whertfore D£ w equal to DF ; 

Ibr the same reason, DG is equal to DF ; 
therefore D£ is eqnal to DG ; (ax. 1) 

wherefore the Utree Hraight Knee DE, DF, DG, <tre equai to one 
another; 

and the circle described from the centre D, at the distance of anj of 
them, will pass through the extremities of the other two. 

And because the angles at the points £, F, G, are right angles, 
and the straight line which is drawn from the extremity of a diameter 
at right angles to it, touches the circle ; (in. 16) 

there/ore the straight lines AB, BC, CA, do each of them touch the 
circle ; 

and tberefore tbe oirole sro is inaoribed in ttia trUuisle 

Q. E. F. 



PROP, v.— Problem. 

To describe a circle about a given triangle. 

(References — Prop. i. 4, 10, 11 ; m. 31.) 

Let the given triangle be ABC. 

It is required to describe a circle about ABC. 






CONSTRUCTION 

Bisect AB, AC, in the points D, E, (i. 10) 

and from these points draw DF, EF, at right angles to AB, AC 

(L 11.) 
DF, EF, produced meet one another ; 
for, if they do not meet, they are parallel, 
wherefore AB, AC, which are at right angles to them, are paraOdi 
wfmb is absurd ; 
Jet tbem meet in F, and join FA», 
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also if the point F be not in BC, join BF, CF ; 
and from the centre F, at the distance of BF, CF, or AF, describe the 
circle ABC. 

Tben the eirele A8<) sball be desorlbed alieiit the trlangrle 



DEMONSTRATION 

Because AD is equal to DB, and DF common, and at right angles to 
AB, 

therefore Ihe base XF is equal to th^ base YB. (i. 4.) 

In like manner, it may be shown that CF is equal to FA ; 
therefore BF is eqoal to FC ; (ax. I) 

where/ore FA, FB, FC, are equal to one another^ 
and the circle described from the centre F, at the distance of one of 
them, shaUpass through the extremities qfthe other two. 

Tberefbre tbe olrole ABO is described about the triaavle 

Q. E. F. 



Cor. And it is manifest that, when the centre of the circle falls within 
the triangle, each of its angles is less than a right angle, each of them 
"being in a segment greater than a semicircle ; (m, 31) 

but when tiie centre is in one of the sides of the triangle, the angle 
opposite to this side is a right angle, being in a semicircle ; 

and if the centre fedl without the triangle, the angle opposite to the 
side beyond which it is, is greater than a right angle, being in a segment 
less than a semicircle. 

Wherefore, conyerselj, if the giren triangle be acute-angled, Ae 
centre of the circle falls within it; 

if it be a right-angled triangle, Ae centre is in the side opposite to the 
right angle; 

and, if it be an obtose-angled triangle, the centre falls without the 
triangle, beyond the side opposite to the obtuse angle. 



PROP. VL — Problem. 

To inscribe a square in a given circle, 

(References — > Prop. i. 4, 11 ; m. i. 81.) 

Let ABCD be the giren circle. 

It 18 required to inscribe a square in ABCI>. 
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CONSTRUCTION 

Draw tHe diameters AC, BD, at right angles to . one another ; (m. 1, 

and 1. 11) 
and jom AB, BC, CD, DA. 

Then tbe ^gure A8CB sball be Insorl'bed in tlie efrflk 
A8CB. ] 

DEMONSTRATION 

Because BE is equal to £D, for E is the centre, 
and that E A is common, and at right angles to BD ; 

the base BA is equal to the base AD ; (i. 4) 

and for the same reason, BC, CD, are each of them eqoal to BAor 
AD; 

therefore the quadrikttercU figure ABCD is equilateral 

It is also rectangular ; 

for the straight line BD, heing the diameter of the circle ABCD, 
BAD is a semicircle ; 

wherefore the angle BAD is a right angle; (m. 81) 
for the same reason, each of the angles ABC, BCD, CD A, is a rigbt 
angle ; 

therefore the quadrilateral figure ABCD is rectangular y 
and it has heen shown to he equilateral ; 

therefore the quadrilateral figure ABCD is a square ; (i. def. 30) 

and it touches the circumferences of the circle at each of its angles. 

Therefore the Miaare ABCB is Inscribed in tbe eiNle 
ABCB. Q. E. F. 



PROP. VII.— Problem. 
To describe a square ahout a given circle, 
(References — Prop, i, aft, ^4\ m. \1 , Vft.^ 
Let ABCD he the gi^en circle. 
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It is required to describe a square about it. 



CONSTRUCTION 

Draw two diameters, AC, BB, of the circle ABCB at right angles 

to one another ; 
and throagh the points A, B, C, B, draw F6, 6H, HE, KF, touching 

the circle; (m. 17) 

Tben the figure GBX7, aball be described aboat tbe 
olrele ABCB. 

DEMONSTRATION 

Because FG touches the circle ABCB, and £A is drawn from the 
centre E to the point of contact A, 

the angles at A are right angles ; (m. 18) 
for the same reason, 

the angles at the points B, C, B, are right angles ; 
and because the angle AEB is a right angle, as likewise is EBG, 

therefore GH is parallel to AC ; (l 28) 
for the same reason, 

« 

AC is parallel to ¥K} 
and in like manner it may be demonstrated that GF, HK, are each of 
them parallel to BEB ; 
therefore the figures GK, GC, AK, FB, BE, are parallelograms ; 

and therefore GF is equal to BK, and GR to ¥K; (i. S4) 

and because AC is equal to BB, and that AC is equal to each of the 
two GH, FK ; 

and BB to each of the two GF, HE ; 

therefore GH, FE, are each of them equal to GF, or HE ; 

wherefore the quadrilateral Jigure GHEF is equilatercd. 

It is also rectangular ; 

for GBEA being a parallelogram, and AEB a right angle, 

therefore AGB is likewise a right angle ; (l 84) 
in the same numner, it may be shown that the angles at H, E, F, are 
right angles ; 
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therefore the quadrilateral figure GHKF is rectangular; 
and it was demonstrated to be equilateral ; 

there/ore GHKF is a square ; 
and all its sides touch the circumference of the circle ; 

wlierefdra the square GBXr la Oeeerfbed aboiit tba 
olrele ABCB. Q. E. F. 



PROP. VUL— Pboblem. 

To inscribe a circle in a given square. 

(References— Prop. 1. 10, 29, 31, 34 1 m. 16, cor.) 

Let ABCD be the giyen square. 

It is required to inscribe a circle in ABCD. 




OONSTBUCnON 



Bisect each of the sides AB, AD, in the points F, E ; (i. 10) 
and through E draw EH parallel to AB or DC ; (i. 31) 
and through F draw FK paraild to AD or BC, cutting EH in G ; 
from the centre G, at the distance GE, GF, or GK, describe the circle 
EFHK. 



TlieB tlie eime wrSOL Sball be Ineertbed In tlie square 



DEMONSTRATION 

Because each of the figures AK, KB, AH, HD, AG, GC, EG, GD, is 

a parallelogram (constr.) 

their opposite sides are equal; (l. 34) 

and because AD is equal to AB, (l defl 30) and that A£ is the half 
of AD, and AF the half of AB, 

therefore A£ is equal to AF ; (ax. 7) 

sad the sides opposite to these are eq[uaU 

wAer^ore FQ is equal to QE *, 



ill tbe Bune maaner it maj be demonstrated thftt GH, OK, are each 
of them equal to FG or G K ; 
therefore the four ttraigkl Uaei GE, GF, GH, GK, are equal to ont 



and t/ie circle described from Me centre G, at the dist 
Ihem, shall puss through tJie extremiliea of the other thn 



■.nee of one of 
ight angles 



And becaose the angles at the points E, F, H, K, ai 

(I. 29) 

and that the straight line which Is drawn trom the extremitjof « 
diameter, at right uigles to it, touches the circle; (ut. 1G, Cor.) 
ther^ore each of the siraight lines AB, BC, CD, DA, loaches the circU 

EFHK, 
wfaercfbre tli« circle SFKK la tnaoiibed Id tbe sqaarf 
ABCD. Q. £. F. 



PROP. IX.— Probleh. 

To describe a circle about a given square. 
(ReferenceB— Prop. i. 6, 8.) 
Let ABCD be the given equare. 
It ia nquired to describe a circle Hboot ABCD. 



Join AC, BD, catting one another in E ; 

then, from the centre E, at the distance of EA, EB, EC, or 1 

de«cribe the ciicle ABCD. 

Tlun tlie drole ABCS iliall be deacrlbed aboat tbe aqnara 



Because, in the two triangles, DAC, BAG, DA is eqnal to AB (i. de£ J 

30), and AC common, 
the two sides DA, AC, are «qual to the two BA, AC, each to ei 
and tbe base DC is eqnal to the base BC ; 

there/ore the ongk DA.C iieguaf to the angle '&k.(^-Av%) 
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and the angle DAB is bUected by the straight line AC. 

In the same manner it may be demonstrated that the angle ABC, BCD, 
CDA, are severallj bisected by the straight lines BD, AC. 

Hence, because the angle DAB is eqnal to the angle ABC, (i. de£ 30) 
and that the angle EAB is the half of DAB, and EBA the half of 

ABC; 

the angle EAB is eqnal to the angle EBA ; (ax. 7) 

therefore the side EA is equal to the side EB. (i. 6.) 

In the same manner it may be demonstrated that the straight lines EC, 
ED, are each of them eqnal to E A or EB ; 

therefore the four straight lines EA, EB, EC, ED, are equal to one 
another; 

and the circle described from the centre E, at the distance of one of 
them, shall pass the extremities of the other three ; 

wberelbre the drele ABCB Is desertbed aboat tbe sqaare 

Q. E. F. 



PROP. X.— PaOBLEM. 



To describe an isosceles triangle, having each of the angles at the base 
double of the third angle, 

(References — Prop. i. 5, 6, 32 ; il 11 ; m. 82, 37 ; iv. 1, 5.) 

CONSTRUCTION 

Take any straight line AB, and divide it in the point C, so that the 

rectangle AB, BC, may be eqnal to the square of CA ; (ii. 11) 
and from the centre A, at the distance AB, describe the circle BDE, 
in which place the straight line BD equal to AC, which is not greater 
than the diameter of the circle BDE ; (iv. 1) and join DA. 

Tben the triangle AMD shall be eaeh as Is required; 
that Is, each of the angles ABB, ABB shall be doable 
of the angle BAB. 
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Join DC, and about the triangle ADC describe the circle ACD. 
(IV. 5.) 

DEMONSTRATION 

Because the rectangle AB, BC, is equal to the square of AC, and that 
AC is equal to BD, (constr.) 

the rectangle AB, BC, U equal to the square q/'BD ; (ax. 1) 

and because from the point B without the circle ACD, two straight 

lines BCA, BD, are drawn to the circumferences, one of which 

cuts, and the other meets the circle, 
and that the rectangle AB, BC, contained by the whole of the cutting 

line, and the part of it without the circle, is equal to the square of 

BD, which meets it ; 

the straight line BD touches the circle ACD ; (iii. 37) 

and because BD touches the circle^ and DC is drawn from the point 
of contact D, 

the angle BDC is equal to the angle DAC in the alternate segment of 
the circle; (iii. 32) 

to each of these add the angle CD A ; 

therefore the whole angle BDA is equal to the two angles CD A, DAC ; 
(ax. 2) 

Imt the exterior angle BCD is equal to the angles CD A, DAC ; 
(1.32) 

therefore also BDA is equal to BCD ; (ax. 1) 

but BDA is equal to the angle CBD, (l 5) because the side AD is 
equal to the side AB ; 
therefore CBD, or DBA, is equal to BCD ; (ax. 1) 

and consequently the three angles BDA, DBA, BCD, are equal to oni^ 
another. 

Again, because the angle DBC is equal to the angle BCD» 
ihesideT>Bis equal to the side T>C \ (i. 6) 

bat BD was made equal to CA ; 

therefore also CA is equal to CD ; (ax. 1) 
and the angle CDA is equal to the angle DAC ; (l 5) 
therefore the angles CDA, DAC, together are double of the aag/e 
DAC; 

but BCD is equal to the angles CDA, DAC ; (l-32) 
thertfore also BCD is double of DAC ; 

and BCD was proved to be equal to each oi ^^ Mi^<»'C^^'^^^ 
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therefore eaeli of the mnglem BB A, BBAf is donfble of tf 
angle BAB. 

ft 

Wherefore an isosceles triangle ABD has been described, having 
each of angles at the base double of the third angle. Q. £. F. 



PROP. XL— Pboblbm. 

To inacribe an equilateral cmd equianffukw pentagon in a given drth, 

(References — Prop. i. 9 ; ni. 26, 27, 29 ; iv. 2, 10.) 

Let ABODE be the given circle. 

It is required to inscribe an equilateral and eqaiangnlar pentagon in 
the circle ABODE. 





CONSTRUCTION 

Describe an isosceles triangle FGH, having each of the angles at G,H, 

double of the angle at F ; (iv. 10) 
and in the circle ABODE inscribe the triangle AOD, equiangular to 

the triangle FGH, (iv. 2) 
so that the angle OAD may be equal to the angle at F, and each of 

the angles AOD, ODA, equal to the angle at G or H ; 

wherefore each of the angles AOD, ODA, is double of the angle CAD ; 

bisect the angles AOD, ODA, by the straight lines OE, DB; (i. 9) 
and join AB, BO, DE, EA. 

Then ABCBB sbaU be the equilateral and equtanffolar 
pentagon reqntred. 

DEMONSTRATION 

Because each of the angles AOD, ODA, is double of OAD, and that 
they are bisected by the straight lines OE, DB, 

ihe five angles DAO, AOE, EOD, ODB, BDA, are equai to one 
another; 

but equal angles stand upon equal circumferences ; (m. 26) 
^erejore the fire circumferences AB, BO, CD, DE, EA, are equal ta 
oneanoiAer 
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and equal circamferences are subtended by equal straight lines ; 
(nr. 29) 

therefore the five straight lines AB, BC, CD, BE, EA, are equal to 
one another; 

wberefore tbe pentagon ABCBB Is eqnllateraL 

It is also equiangular ; 

for, because the circumference AB is equal to the circumference 
DE, if to each be added BCD, 

the whole ABCD is equal to the whole EDCB ; (ax. 2) 

bat the angle AED stands on the circumference ABCD, and the angle 
BAE on the circumference EDCB ; 

therefore the angle BAE is equal to the angle AED ; (in. 27) 

for the same reason, 
each of the angles ABC, BCD, CDE, is equal to the angle BAE or AED ; 

fberelbre the pentagron ABCBB Is eqniaiiiriilar. 

And it has been shown that it is equilateral ; 
wherefore, in the given circle, an equilateral and equiangular 
pentagon has been inscribed. Q. E. F. 



PROP. XII.— Pboblem. 

To describe an equilateral and equiangular pentagon about a given 
circle. 

(References — Prop, l 4, 8, 26, 47; HL 17, 18, 27; iv. 11.) 

Let ABCDE be the given circle. 

It is required to describe an equilateral and equiangular pentagon 
about the circle ABCDE. 



CONSTRUCTION 



Let the angular points of a pentagon, inscribed in the circle, by the 
last proposition, be in the points A, B, C, D, E, so that the circam- 
ferences AB, BC, CD, DE, EA» are eqnai\ (.xv. \V) 
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and through the points A, B, C, D. £, draw GH, HE, KL, LM, M6, 

touching the circle, (iii. 17.) 

Then tlie flgmre OBKl^M sball be the equilateral ana 
eqnianffular pentagon required. 

Take the centre F, and join FB, FK, FC, FL, FD. 

DEMONSTRATION 

Because the straight line KL touches the circle ABCDE in the p<Hnt 
C, to -which FC is drawn from the centre F, 
FC is perpendicular to KL ; (iii. 18) 

therefore each of the angles at C is a right angle ; 
for the same reason, 

the angles at the points B, J), are right angles ; 
and because FCK is a right angle, 

the square of FK is equal to the squares ofFC, CK ; (i. 47) 

for the same reason, the square of FK is equal to the squares of FB, 
BK; 

therefore the squares of FC, CEl, are equal to the squares ofFB, BK; 
(ax. 1) 

of which the square of FC is equal to the square of FB ; 
therefore the remaining square of CK is equal to the remaining 
square of BK ; (ax. 3) 

and the straight line CK equal to BK. 

Hence in the two triangles BFK, CFK, 
because FB is equal to FC, and FK common to both, 
the two BF, FK, are equal to the two CF, FK, each to each ; 
and the base BK was proved equal to the base KC ; 
therefore the angle BFK is equal to the angle KFC, (i. 8) and the 
angle BKF to FKC ; (i. 4) 

wherefore the angle BFC is double of the angle KFC, and BKC doM 
of FKC i 
for the same reason, 

the angle CFD is double of the angle CFL, and CLB doiUtle of CLF; 

and because the circumference BC is equal to the circumference 
CD, 
the angle BFC is equal to the angle CFD ; (ni. 27) 

and BFC is double of the angle KFC, and CFD double of CFL ; 

therefore the angle KFC is equal to the angle CFL, (ax. 7) 
and the right angle FCK is eqwaV to tVie T\^ht angle FCL. 
ifence in the two triangles ¥KLC,¥lXi, 
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■e tiro angles of one eqoat to two angles of the other, each to 

1 the side FC, vhich is adjacent to the equal angles in each, ii 

n to both ; 
therefore the other sidea shall be equal to the other lides, and th« 

third angle to the third angle ; (i. 26) 
Aere/ore the straight line EC u egaal lo CL, and tit angia FKC to tie 
angle FLC ; 
W and became EC Is equal to CL, 
Ihenfore EL it double of KC ; 

le manner it may be shown that 
UK ie doable of BK. 
I And because BE is equal to KC, as was demonstrated, and that KL ia 
double of KC, and HK double of BE, 
Aerefore HK is equal to KL j (ax. 6) 
in like maaner, it may be shown 

MalGH, GM.mh, ate each of them equal to HKotKL; 
tlierefore t&e pentagon OBXKK Is equilateral. 

It is also equiangular ; 
: for, Bince the angle FKC ia eqnal to the angle FLC, 

and the angle HKL double of the angle FEC, and KLM double of 
FLC, as was before demonstrated, 
the angle HKL ie equal la ELM ; (as. 6) 
and in like manner, it may be abowD that each of tlie angles EHG, 
HGM, GML, is equal to the angle HEL or KLM ; 
therefore Vie Jive angles GHK, HKL, ELM, LMG, MOH, ore equal 

lo one another, 
tberefore ttie pentagon CBSAK U equlansnlar. 
and it ia equilateral, as was demonstrated -, 
and it is described about the circle ABCDE. Q. E. F. 



I 



PROP. XriL— Pbodlbh. 

To inscribe a circle in a given equilateral and equiangular pentagon. 

(Beferencea — Prop. i. 4, 9, 12. 26 j 111. le.) 
Lot ABCDE be the giren equilatenl aui etiTtiMipAra ■e«i\a%™i. 
/( it required to inscribe a circle in Ojb pentafton KfiC\it 
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Tbooe it. 



SBIIOHSTBAnOir 

It maj be demonstrated, u in tlie tame manner at in flie prceedog 
pit^KMition, that 

the angles CBA, BAE, AED, are bueeted by the Mtraiffhi Imee FB» 
PA,FE; 

and because the angle BCD is eqnal to the angle CDS, 

and that FCD is the half of the angle BCD, and CDF the half of 

CDE; 

the angle FCD is eqnal to FDC ; (ax. 7) 

wherefore the ddeCFie equal to the tide YD. (l 6.) 

In like manner it may be demonstrated thai FB, FA, FE, are each d 
them equal to FC or FD; 

therefore the fiye straight lines FA, FB, FC, FD, FE, nre eqnal to 

one another ; 
and the circle detenbedjrom the centre F, at Ifta dietamce ^f 

Aemt depose through the extremities oftheoUierfoHr^ 

whm e iloir^ the drele A8CBB la deaerlbed alumt tlie 
lateral and aqutangiilar pentacon A8CBB. Q. E. F. I 



PROP. XY.— Pbobleh. 
To inscribe an equilaieral and equiangular hexagon in a given cireU, 

(Beferences — Prop. L 5 cor., 13, 15, 32 ; m. 1, 26, 27, 29.) 
Let ABCDEF be the given circle. 

It is required to inscribe an equilateral and eqoiangolar hextgoa 
mit 




H 



CONSTRUCTION 

Find the centre G of the circVe XBC\>^^, Cpi. V) vbil draw the 
d/ameterAGD; 



and from D as a ceatre, at tbe distance DO, describe the circle 

EGCH; 
join EG, CG, and produce them to the poinb B, F ; and join AB, BC, 

CD, DE, EF, FA. 



taexaKOD luacrlbed bb required In t&e (iven clrctCi 



Because G is the centre of the circle ABCDEF, 

Ihmfore GE is equal to GD ; 
and becaaoe D is the centre of the circle EGCH, 

Ihenfote DE is equal lo DG ; 

wberefbre GE is eqosl to ED, (ax. 1) 

and the triottglt EGD is equilateral ; 

and therefore its three angles EGD, GDE, DEC, Bie equal to one 
another j (i. 5 cor.) 
bnt the three angles of ■ triangle are equal to two right angles ; 

(1.32) 

thertfore lite angle EGD ia the third part of tux right angla ; 
in the same manner it maj be demonstrated that 

Ike angle DOC is also dte tMrd part qfttoo right a^gUt; 
and because tbe straight line GC makes with EB tbe adjacent angles, 

EGC, CGB, equal to two right angles, (i. 13) 

the remaining angle CGB is the third pan of [wo right angles ; 

Ihtrefire the angles EGD, DGC, CGB, are equal la me another ; 
and (o these are equal the vertical opposite angles BGA, AGF, FGE; 

(I. '5) 

therefore the six angles EGD, DGC, CGB, BQA.AGfF, PGE, ore 
equal to one another ,' 
bnt equal angles stand upon equal circumferences ; (m. 26) 

there/ore the six circmaferences AB, BC, CD, DE, EF, FA, are equal 
to one another ; 
and eqoal circumferences are subtended bj equal straight lines ; 
(in. 29) 

therefore the six straight lines are equal lo one another, 

Bna tbe liexaEOD ASCDSV la eqallntenil. 
It is also eqniangnlBr ; 

for, linoe the circamference AF is equal to ED, 
to each of these add the circumference ABCD; 

t&tr^e the wSofc cireumfereaee FABCD is equal tn lU -aiWi* 
EDCBAi 






and the angle FED sianda apoo Ihc circumference FABCD, 

angle AFE upon EDCBA; 

tlierefire the ajigk AFE is equal ta FED ; (nl. 27) 
ID the same macncr it may be demonstrated ihat 

Ike other anshi o/the fieros™ ABODE F are each of them eqaal 
the angle AFE or FED ; 

tlierefore t&e bozas'iui ABCDBV Is equlaDEnlar | 
and it is equilateral, as was ehowa ; 
and it is inscribed in the given circle ABCDEF. Q. E, P. 

Cor. From (his it ia manifest that the side of the heiagon is equal 
to (he straight line from the centre, that is, to the Bemidiameti 

Aad if throngh the points A, B, C, D, E, F, there be drawn stni^ 
lines touching the circle, an equilateral and equiangnlnr hexagon duU 
be deseribtd ahout it, which may be demonstraled from wbat hiu becD 
eaid of the pentagon ; and likewise a circle may he inscritied a 
given equilateral and eqa.iangular hexagon, and circamscribed oAcnl it, 
by a method like that osed for the peatagon. 



PROP. XVr. — Pbodlem. 

To imcribe an equilateral and eqaiangular qaindecagon ina g 
(Refecences — Prop. m. 27, 30; it. I, 2, II.) 
Let ABCD be the given circle. 



CONST HUCTIOS 

I Let AC be the side of an equilateral triangle inscribed in the oirclt 
ABCD, (iv. a) 
Mnd AB the side of an ei^u'ilateTaV iind. e^uum^i^^t ^uUi^oa inscribed 
'a tbe^ame -, (n-. II) 



PROP. XYI.] THE SCHOOL EUCLm. 151 

bisect the circumference 6C in £, (m. 30) and join BE, EC ; 
draw straight lines equal to these, and place them contiguous to each 
other round the circle, (iv. 1.) 

Tben ABCDF sliall be an equilateral and eqaiangnlar 
quindeeagoB described as required in tbe circle ABCB. 

m 

DEMON8TRATIOS 

\ Because of such equal parts as the whole circumference ABCDF 
;, contains fifteen, the circumference ABC, which is the third part of 
r the whole, contains five ; 
[ and the circumference AB, which is the fifth part of the whole, contains 

three ; 
' therefore their difference BC contains two such parts, 

■- but BC was bisected in E ; (constr.) therefore BE, EC are each of 
them the fifteenth j)art of the whole circumference ABCD ; 

wberefore tbe flgrure A8BCBF is eqnilateraL 

* And beeause each of its angles stands upon thirteen-fifteenths of the 
circumference, 
tberefore tbe flflrnre A8BCBF is eqaianffolar. (m. 27.) 

"Wherefore an equilateral and equiangular quindecagon has been 
inscribed in the circle ABC. Q. E. F. 

And in the same manner as was done in the pentagon, if through the 
points of division made by inscribing the quindecagon, straight lines 
be drawn touching the circle, an equilateral and equiangular quin- 
decagon shall be described about it ; and likewise, as in the pentagon, 
a circle maj be inscribed in a given equilateral and equiangular 
quindecagon, and circumscribed about it 
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